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ABSTRACT  

The remarkable efficiency of hybrid nanofluids in heat transfer has made them a prominent 

research topic. This study investigates the boundary layer flow and heat transfer of Ag-

TiO2/blood hybrid nanofluid while taking viscous dissipation into account. The governing 

partial differential equations of the hybrid nanofluid are transformed into ordinary differential 

equations using the requisite similarity transformations. The bvp4c function is then used in 

Matlab to generate numerical and graphical output. The accurate initial guessing values are 

then used to calculate the dual solutions. The existence of viscous dissipation considerably 

reduces the rate of heat transfer in this model. The effects of nanoparticle concentration have 

also been studied. The thickness of the boundary layer diminishes as the suction parameter 

rises, whereas different patterns of results are obtained as the concentration of argentum and 

titania nanoparticles changes.  

Keywords: hybrid nanofluid; viscous dissipation; dual solutions  

 

ABSTRAK  

Keberkesanan nanobendalir hibrid yang menakjubkan dalam pemindahan haba menjadikannya 

topik kajian yang utama. Penyelidikan ini mengkaji aliran lapisan sempadan dan pemindahan 

haba nanobendalir hibrid Ag-TiO2/darah dengan mempertimbangkan kesan lesapan likat. 

Persamaan pembezaan separa bagi nanobendalir hibrid ditukarkan kepada persamaan 

pembezaan biasa dengan menggunakan penjelmaan keserupaan. Kemudian fungsi bvp4c 

dalam Matlab digunakan untuk menjana keputusan berangka dan grafik. Nilai-nilai tekaan 

awal yang tepat pula digunakan untuk mendapatkan penyelesaian dual.  Kewujudan lesapan 

likat mengurangkan kadar pemindahan haba di dalam model ini. Kesan kepekatan nanozarah 

turut dikaji. Ketebalan lapisan sempadan semakin berkurang dengan peningkatan sedutan, 

manakala corak hasil kajian yang berbeza-beza diperoleh apabila kepekatan nanozarah 

argentum dan titania berubah.  

Kata kunci: nanobendalir hibrid; lesapan likat; penyelesaian dual  

                       

1. Introduction  

The field of nanotechnology has garnered much attention from academics, who have been 

utilizing nanofluids in both experimental and theoretical research. The increasing focus on 

nanofluids is a result of the recognition that using conventional fluids as a means of heat 

transfer has its limitations. Choi and Eastman (1995) theorized that adding nanoparticles can 

enhance heat conductivity in their study. Nanofluids have a range of applications in 

industries, technology, and biology, such as drug delivery, cooling microchips, hybrid 

engines, cancer treatment, geothermal power generation, and industrial cooling. Recently, 
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researchers have been focusing on a new type of nanofluid called hybrid nanofluids, which 

involves combining two or more nanoparticles to enhance the heat transfer properties of 

nanofluids. Benedict et al. (2020) proved that the combination of aluminium oxide and 

nanocellulose hybrid nanofluid could increase the performance of radiator coolant. An 

experimental study conducted by Vărdaru et al. (2023) showed that hybrid nanofluids 

containing argentum-reduced graphene oxide could lead to an improvement of 11% in 

thermal conductivity. 

Apart from water, ethylene glycol, oil, and surfactant-stabilized fluids, blood also can be 

considered the base fluid for the hybrid nanofluid model. The flow characteristics and 

mechanical properties of blood can be studied using a modified version of the Darcy and 

Brinkman equation, providing a comprehensive understanding of diseases related to the 

human body and the development of improved artificial organs. Blood exhibits abnormal 

viscous properties due to the suspension of particles in plasma, and it is considered a non-

Newtonian fluid at low shear rates and a Newtonian fluid at high shear rates when flowing 

through large arteries (Reddy et al. 2018). This information can assist bioengineers in their 

design and manufacturing of artificial organs and in finding solutions to human body-related 

diseases and disorders.  

One aspect that can be taken into account in analyzing the flow and heat transfer of hybrid 

nanofluids is the factor of viscous dissipation. It is denoted by the Eckert number which refers 

to the transformation of mechanical energy into thermal energy due to internal friction within 

a fluid. It influences the temperature and thickness of the thermal boundary layer and can 

impact the overall heat transfer and energy efficiency of the system. Muhammad et al. (2021) 

conducted a numerical analysis of SWCNTs-CuO hybrid nanofluid and found that the 

enlargement of viscous dissipation raised the temperature. A similar finding also had been 

obtained by Kho et al. (2023) for the Ag-TiO2 hybrid nanofluid model. 

 Furthermore, the convective boundary condition is also significant when exploring the 

heat transfer of hybrid nanofluid. It refers to the type of boundary at which heat transfer 

occurs from a solid surface to a fluid or from a fluid to a solid surface through convection. 

This type of boundary condition is important to understand the behavior of the fluid near the 

surface. The level of convective boundary condition is measured by the value of Biot number. 

Waini et al. (2019) and Zainal et al. (2020) considered convective boundary condition in their 

hybrid nanofluid research. They reached the conclusion that as the Biot number increases, the 

surface temperature rises and the thermal boundary layer becomes wider for both branches 

(dual solutions). 

This present study is inspired by the previous investigations into the potential of hybrid 

nanofluids as an exceptional heat transfer medium. The hybrid nanofluid in this particular 

study is comprised of a mixture of silver or argentum nanoparticles (Ag) and titania (TiO2) 

nanoparticles, with blood serving as the base fluid. In order to accurately model the hybrid 

nanofluid, the impacts of viscous dissipation and convective boundary conditions are also 

considered and taken into account. This study highlights the importance of understanding the 

behavior of the thermal boundary layer in hybrid nanofluids, which can aid in optimizing their 

performance and improving their energy efficiency. 

2. Problem Formulations  

In this section, the readers will have a firm grasp of the study's foundational parameters. The 

work began with the identification of the physical model of the two-dimensional Ag-

TiO2/blood hybrid nanofluid. Figure 1 depicts the coordinate system and model configuration 

of the hybrid nanofluid. A rectangular coordinate frame is used, with the surface being 
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stretched/shrunk so that it is parallel to the x-axis and the y-axis being orthogonal to the 

surface. It is presumable that the surface is permeable with wv  as the mass flux velocity. 

Besides, the permeable surface is stretched ( )0   and shrunk ( )0  with the velocity 

( )wu u x= . In addition, the hot fluid at temperature 
2

fT T bx= +  with dimensionless 

constant b and correlates to the heat transfer coefficient hf heated the bottom surface 

convectively. 

 

 
(a) Stretching surface 

 
(b) Shrinking surface 

Figure 1: Physical configuration of Ag-TiO2/blood hybrid nanofluid 

 

The fundamental equations of boundary layer flow of Ag-TiO2/blood hybrid nanofluid 

which incorporates the continuity, momentum and energy are described as follows: 

 

0,
u v

x y

 
+ =

 
 (1)   

2

2
,

hnf

hnf

u u u
u v

x y y





  
+ =

  
 (2) 

( )

2
2

2
.

hnf

hnf

p hnf

T T T u
u v

x y y yC






    
+ = +  

    
 (3) 

         

subject to the satisfaction of certain boundary conditions 

 

( )( ) ,  , at 0,

0,         as   .

w w hnf f f

T
u u x ax v v k h T T y

y

u T T y

 



 
= = = − = − = 

 

→ → →

 (4)   

 

In the aforementioned equations, u and v exemplifies the velocity components in x – and y 

– directions, respectively with the positive constant a while T implies the temperature of the 

hybrid nanofluid. The additional parameters that portrays the thermophysical properties of the 

hybrid nanofluid are khnf, μhnf, ρhnf, αhnf, and (ρCp)hnf  which embody the thermal conductivity, 

dynamic viscosity, density, thermal diffusivity and heat capacity, respectively. Table 1 

contains the formulae for the hybrid nanofluid characteristics. The argentum nanoparticles are 

signified by subscript s1 in the table, while the titanium dioxide or titania nanoparticles are 

indicated by subscript s2. On the other hand, the subscript f represents the base fluid (blood), 

nf stands for the nanofluid, and hnf for the hybrid nanofluid. Within the context of this 
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research, blood is modelled as a viscous, incompressible fluid. For purposes of reference, 

Table 2 lists the thermophysical attributes of the blood as well as the argentum and titania 

nanoparticles. 

Table 1:  Formulations of hybrid nanofluid properties 

Properties Nanofluid Hybrid nanofluid 

Density ( )1 11nf f s    = − +  ( ) ( )2 1 1 1 2 21 1hnf f s s        = − − + +   

Heat capasity 
( ) ( )( ) ( )1 1 1

1p p pnf f s
C C C    = − +
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Table 2:  Pure blood and nanoparticles’s thermophysical attributes (Benkhedda et al. 2018; Chahregh & Dinarvand 

2020) 

Properties ( )3kgm −
 ( )1 1

pC Jkg K− −
 ( )1 1k Wm K− −

 

Argentum (Ag) 10500 235 429 

Titanium Dioxide (TiO2) 4250 686.2 8.954 

Pure Blood 1063 3594 0.492 

 

The most practical approach for resolving the mathematical formulation of fluid 

mechanics is by using similarity transformation. It is useful in understanding the complex 

fluid flow with a physical explanation to the actual problem in addition to offering asymptotic 

solutions. Therefore, the following similarity transformations are used to simplify the 

governing Eqs. (1)-(3), which relate to the boundary conditions in Eq. (4): 
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Now, Eq. (1) is automatically fulfilled. Subsequently, Eqs. (2)-(3) are transformed into the 

following ordinary differential equations: 
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based on the boundary conditions 

( )( )(0) ,      (0) ,      (0) 1 0 ,

( ) 0,       ( ) 0.

f

hnf
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f s f Bi

k

f

  
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 = = = − −
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 (8)   

 

In this work, we focus on the permeable surface with positive value of s, which 

corresponds to the suction. In the meantime, Pr signifies the Prandtl number. We also 

consider the convective boundary condition with Bi as the Biot number and the viscous 

dissipation which exemplified by Ec. These parameters are formulated as 
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The formula of the skin friction coefficients fC , the local Nusselt number xNu  and the heat 

flux wq  are presented as  
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Subsequently, we get 
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where Re w
x

f

u x


=  symbolizes the local Reynolds number. 

3. Stability Analysis  

Stability analysis is essential for determining if the obtained solutions are technically stable. 

Initially, the unsteady case for Eqs. (2) and (3) must be considered as recommended by 

Merkin (1986), which can be formulated as  
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where t is referred to the time. Weidman et al. (2006) stated that a new dimensionless time 

variable  is crucial for stability analysis. Accordingly, the following new similarity 

transformations are used (Kho et al. 2022):  
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Implementation of similarity variables in Eq. (14) into Eqs. (12) and (13) leads to the 

generation of the following equations 
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associated with the boundary conditions 
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To assure the stability characteristic, the essential flow ( )0f f =  and ( )0  =  are 

agitated by the exponential form of perturbation functions as follows (Arif et al. 2022): 
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with the unspecified eigenvalue parameter   which portrays the growth/decay rate of 

agitations. It is worth mentioning that ( )F   and ( )H  are comparatively small  to ( )0f   

and ( )0 .   Then, the adaptation of perturbation function in Eq. (18) into Eqs. (15)-(17) 

generates the linearized equations as follows: 
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correspond to  

 

( ) ( ) ( ) ( ) ( )0 0, 0 0, (0) 0 , 0, 0.
f

hnf

k
F F H BiH F H

k
  = = =  →  →  (21)   

 

A boundary condition as   approaches   must be loosened to generate the potential 

eigenvalues (Harris et al. 2009; Jamaludin et al. 2021; Najib et al. 2018).  In this study, we 

choose the boundary condition ( ) 0F   →  to be loosened. Hence, the stabilizing boundary 

condition ( )0 1F  =  is adapted to solve the system of equations in Eqs. (19)-(21).  

4. Results and Discussion  

Exhaustive numerical simulations have been carried out using the bvp4c function in Matlab to 

provide a physical scrutiny on the flow problem. In order to validate the correctness and 

validity of the current study, current results for the skin friction coefficient are compared to 

those obtained by Makinde (2013) and Chaudary and Kanika (2019). In the previous study, 

Makinde (2013) applied the Runge-Kutta-Fehlberg method with shooting technique whereas 

Chaudary and Kanika (2019) utilized the Keller-Box method. In this comparison, we have set 

the Prandtl number as 6.2, as we are comparing the results for TiO2-water nanofluid. As 

depicted in Table 3, there is a high level of agreement in the comparisons, confirming the 

validity of the bvp4c function used in the study.  

Table 3: Comparison of skin friction coefficient with variation in titanium dioxide nanoparticles concentration 

when Pr 6.2,=
1 0Ec S = = = =  and Bi =  . 

2  Chaudary and Kanika (2019) Makinde (2013) Present Results 

0 0.33258 0.3321 0.332096358 

0.008 0.33350 0.3398 0.339794505 

0.014 0.33410 0.3456 0.345629973 

0.016 0.33430 0.3476 0.347587279 

0.02 0.33466 0.3515 0.351520532 

0.1 0.33569 0.4362 0.436277332 

0.2 - 0.5642 0.564292593 

 

This study provides insight into the relationship between various parameters such as 

viscous dissipation, Biot number, suction parameter and nanoparticle concentration with the 

flow and heat transfer behavior of the argentum-titania (Ag-TiO2) hybrid nanofluid. By 

following Chahregh and Dinarvand (2020), the Prandtl number is determined to be 21, as the 

base fluid used in the study is pure blood. The graphical results are illustrated in Figures 2-9, 

which show the impact of the governing parameters on the velocity profiles, temperature 

profiles, skin friction coefficient and the local Nusselt number. 

The velocity gradient at the surface increases with an increase in suction, as shown in 

Figure 2. This increase in wall shear stress leads to a reduction in the thickness of the 

momentum boundary layer. On the other hand, Figure 3 shows that increased suction results 

in a decrease in the temperature distribution profile, leading to a thinning of the thermal 

boundary layer. This thinning of the thermal boundary layer enhances the process of heat 

transfer. 
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Figure 2: Changes of ( )f   for several s values when 1 21,Pr 21, 0.02Ec Bi  = = = = =  and  

 

 
       

Figure 3: Changes of ( )   for several s values when 1 21,Pr 21, 0.02Ec Bi  = = = = =  and  

  

The impact of viscous dissipation on the temperature profile of the hybrid nanofluid is 

depicted in Figure 4. The figure shows that the presence of viscous dissipation leads to an 

increase in the thickness of the thermal boundary layer. Viscous dissipation refers to the 

energy loss due to the friction between fluid layers in a fluid flow. This energy loss leads to a 

reduction in the rate of heat transfer, and as a result, the thermal boundary layer becomes 

thicker. In other words, the temperature gradient in the fluid becomes weaker, leading to a 

slower rate of heat transfer. 

  Likewise, the Biot number exhibits the same impact on the temperature profiles. 

Apparently, Figure 5 illustrates the growth of temperature profile as the Biot number boosts. 

The Biot number is defined as the ratio of the heat transfer rate by conduction to the rate of 

heat transfer by convection in a system. It ranges from zero to infinity, with values close to 

zero indicating that conduction dominates, and values close to infinity indicating that 

convection dominates. When the Biot number increases, it means that there is an increase in 
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the internal heat transfer resistance compared to the external heat transfer resistance. This 

results in a higher temperature at the surface and a wider thermal boundary layer, as more 

heat is being retained within the system. 

 

 
      

 Figure 4: Changes of ( )   for several Ec values when 1 22, 1,Pr 21, 0.02s Bi  = = = = =  and  

 

 
 

Figure 5: Changes of ( )   for several Bi values when 1 22, 1,Pr 21, 0.02s Ec  = = = = =  and  

 

Figure 6 portrays the relationship between the local Nusselt number, which is a measure of 

the heat transfer rate, and the viscous dissipation parameter. Higher viscous dissipation causes 

a decrement of the local Nusselt number which reflecting the diminution rate of heat transfer. 

This can be attributed to the increase in the resistance to flow in the boundary layer, which 

reduces the convective heat transfer from the surface to the fluid. Similarly, Figure 7 also 

shows the decrement of local Nusselt number with a rise in the Biot number, which implies a 

reduction in the rate of heat transfer. Physically, Biot number represents the ratio of the 

internal thermal resistance to the external thermal resistance in a solid-fluid system. This 
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reduction occurs because an increase in the Biot number represents an increase in the internal 

thermal resistance, reducing the overall heat transfer efficiency of the system. 

 

 
       

Figure 6: Changes of local Nusselt number for various Ec when 1 22, 1, 0.02s Bi  = = = =  and  

 

 

 
 

Figure 7: Changes of local Nusselt number for various Bi when 1 22, 1, 0.02s Ec  = = = =  and  

 

In addition, the implications of argentum nanoparticles volume fraction has also been 

analysed. Figure 8 exhibits that 0.5% higher concentration of argentum nanoparticles increase 

the skin fraction coefficient, but different effect shown in Figure 9 where the local Nusselt 

number decreases.  Intriguingly, Figure 8 reveals the presence of a non-unique solution when 

0 = , resulting in opposing flow up until the critical points c . Clearly, the skin friction 

coefficient increases for the case of a shrinking surface ( )0   and decreases when the 
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surface is stretched ( )0  . This finding aligns with the results obtained by Patel et al. 

(2023). An increase in the concentration of argentum nanoparticles results in a higher skin 

friction coefficient due to the enhanced interaction between the fluid and the nanoparticles at 

the wall. The increased skin friction coefficient can create a more turbulent flow, resulting in 

improved heat transfer. However, higher nanoparticle concentration can also lead to more 

inter-particle collisions and increased viscous dissipation, which can decrease the rate of heat 

transfer as illustrated in Figure 9. Therefore, a balance between these competing effects must 

be found to optimize the performance of the nanofluid for a specific application.  

 

 
      

 Figure 8: Impact of Ag nanoparticles to 
1/2Ref xC  when 22.5, 1, 0.04s Ec Bi = = = =  and  

 

 
 

Figure 9: Impact of Ag nanoparticles to 1/2Rex xNu −  when 22.5, 1, 0.04s Ec Bi = = = =  and  
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In contrast, the impact of titania nanoparticle concentration on skin friction coefficient is 

delineated in Figure 10. It reveals that an increase of 2% in titania concentration leads to a 

decrease in skin friction. This discovery corresponds with the experimental investigation 

carried out by Birleanu et al. (2022) which proves that the addition of TiO2 nanoparticles 

reduces the skin friction. The deposited TiO2 nanoparticles on the surface serve as an 

additional layer, reducing the shear stress. These stable nanoparticles, compared to the debris 

generated by sliding, play a role in decreasing the skin friction. Subsequently, the reduction in 

skin friction caused by higher concentration of titania nanoparticles can affect the rate of heat 

transfer in a number of ways. This reduction in skin friction cause the fluid to move faster, 

altering the velocity profile and changing the rate of convection. Therefore, the higher 

concentration of titania nanoparticles can lead to a decrease in the rate of heat transfer as 

shown in Figure 11. 

 

 
 

Figure 10: Impact of TiO2 nanoparticles to 
1/2Ref xC  when 12.5, 1, 0.02s Ec Bi = = = =  and  

 

 
 

Figure 11: Impact of TiO2 nanoparticles to 1/2Rex xNu −  when 12.5, 1, 0.02s Ec Bi = = = =  and  
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In order to assess the feasibility of the first and second solutions, a stability analysis is 

conducted. This is accomplished by solving the eigenvalue problems (19)-(21) and 

determining the minimum eigenvalue 1.  A limitless set of eigenvalues 1 2 3     is 

generated with the minimum eigenvalue being designated as 1 . If the minimum eigenvalue is 

negative, it indicates an initial increase in disturbances and therefore instability in the flow. 

On the other hand, if the minimum eigenvalue is positive, it signals a decline in disturbances 

and stability in the flow. As shown in Figure 12, the first solution is determined to be stable, 

but the second solution is found to be unstable. 

 

 
         

Figure 12: Variations of 1  with   when 1 22, 1, 0.02s Bi Ec  = = = = =  and  

 

5. Conclusions  

This study presented the numerical analysis of the hybrid nanofluid flow  in a laminar, 

isothermal and incompressible manner over a permeable surface that is either stretching or 

shrinking. The hybrid nanofluid was composed of two nanoparticles, TiO2 and Ag, suspended 

in pure blood. The changes in velocity, temperature profile, wall shear stress, and local 

Nusselt number due to variations in the physical parameters were explored through graphical 

representation. The presence of suction led to an increase in the velocity distribution profile 

and a decrease in the thickness of the momentum boundary layer, while an increase in viscous 

dissipation led to an increase in temperature and a thickening of the thermal boundary layer. 

An increase in the Biot number resulted in an increase in the rate of convection, which in turn 

enlarges the thickness of the thermal boundary layer.  It was also found that higher 

concentrations of argentum and titania nanoparticles reduced the rate of heat transfer. 

Therefore, further investigation is required to determine the optimal concentration of Ag and 

TiO2 nanoparticles that enhance the heat transfer rate. From the stability analysis, it can be 

concluded that the first solution was considered stable, while the second solution was 

considered unstable. Further research involving hybrid nanofluids with blood as the base fluid 

can be explored, as they have various potential applications in the medical and biomedical 

fields due to their unique thermal and rheological properties. 
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