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HYPERSTABILITY RESULTS FOR THE GENERAL LINEAR 
FUNCTIONAL EQUATION IN NON-ARCHIMEDEAN 2-BANACH SPACES 

(Hiperstabil bagi Persamaan Fungsi Linear Am di dalam Ruang Bukan Archimedean 2- Banach)  
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ABSTRACT 

Let 𝑋  be a  2-normed space over ℝ , 𝑌  be a non-Archimedean 2-Banach space over   non-
Archimedean field 𝕂 , 𝑟, 𝑠 ℝ ∖ {0} , and 𝑅, 𝑆 ∈ 𝕂 ∖ {0}. In this paper, a short preface on non-
Archimedean 2-Banach spaces (𝑌, ‖∙,∙‖∗) is given. Then, we reformulate the Brzdek fixed point 
theorem in non-Archimedean 2-Banach spaces. Using the Brzdek fixed point method, we prove 
hyperstability results of the general linear functional equation  ℎ(𝑟𝑥 + 𝑠𝑦) = 𝑅ℎ(𝑥) + 𝑆ℎ(𝑦),

𝑥, 𝑦 ∈ 𝑋,  in non-Archimedean 2-Banach spaces. In fact, under some  natural assumptions on 
control function 𝛾: 𝑋 × 𝑋 × 𝑌 → [0, ∞) , we show that every map satisfying ‖ℎ(𝑟𝑥 + 𝑠𝑦) −

𝑅ℎ(𝑥) − 𝑆ℎ(𝑦), 𝑧‖∗ ≤ 𝛾(𝑥, 𝑦, 𝑧),   𝑥, 𝑦 ∈ 𝑋,   𝑧 ∈ 𝑌,  is hyperstable in the class of functions 
ℎ: 𝑋 → 𝑌.  

Keywords: non-Archimedean 2-Banach spaces; general linear functional equation; 
hyperstability; fixed point method 

 

ABSTRAK 

Biarkan 𝑋 menjadi ruang nyata 2-norma di atas ℝ,  𝑌 menjadi ruang bukan Archimedean 2-
norma di atas 𝕂, 𝑟, 𝑠 ℝ ∖ {0}, dan 𝑅, 𝑆 ∈ 𝕂 ∖ {0}. Dalam penyelidikan ini, ringkasan mengenai 
ruang bukan Archimedean 2-Banach (𝑌, ‖∙,∙‖∗)diberikan. Kemudian, kami merumuskan semula 
teorem titik tetap Brzdek di dalam ruang bukan-Archimedean 2- Banach. Menggunakan kaedah 
titik tetap Brzdek, kami membuktikan ciri-ciri hiperstabil bagi persamaan fungsi linear 
am ℎ(𝑟𝑥 + 𝑠𝑦) = 𝑅ℎ(𝑥) + 𝑆ℎ(𝑦), 𝑥, 𝑦 ∈ 𝑋,  di dalam ruang bukan Archimedean 2-Banach. 
Malah, di bawah beberapa andaian pada fungsi kawalan 𝛾: 𝑋 × 𝑋 × 𝑌 → [0, ∞) , kami 
menunjukkan bahawa setiap pemetaan yang memenuhi kondisi ‖ℎ(𝑟𝑥 + 𝑠𝑦) − 𝑅ℎ(𝑥) −

𝑆ℎ(𝑦), 𝑧‖∗ ≤ 𝛾(𝑥, 𝑦, 𝑧),   𝑥, 𝑦 ∈ 𝑋,   𝑧 ∈ 𝑌, adalah hiperstabil di dalam fungsi kelas ℎ: 𝑋 → 𝑌. 

Kata  kunci: ruang bukan Archimedean 2-Banach; persamaan fungsi linear am; hiperstabil; 
kaedah titik tetap 

 

1. Introduction  

In this article, ℕ indicates the set of positive integers and ℝ is the set of real numbers. As well 
as, it is denoted that ℕ଴ = ℕ ∪ {0}, 𝑋଴ = 𝑋 ∖ {0},  ℝା: = [0, ∞),  ℕ௠బ

 the set of integers  
≥ 𝑚଴, and 𝐸ଵ, 𝐸ଶ are normed spaces. 

For the first time, a normed space which does not follow Archimedean property was 
introduced by Hensel (Hensel 1897) and called non-Archimedean or ultrametric spaces. The 
concept of non-Archimedean spaces has some nice applications which are accessible in 
(Katsaras & Beloyiannis 1999; Khrennikov 1997; Nyikos 1999). Let us recall some basic 
definitions on non-Archimedean field and non-Archimedean 2-Banach spaces (Brzdek & 
Cieplinski 2011; El-Fassi 2018; El-Fassi et al. 2020). 
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Definition 1.1. The field 𝕂 which is equipped with a function (valuation) | ∙ |∗: 𝕂 →  ℝା is 
called non-Archimedean field if the following conditions hold for all 𝛼, 𝛽 ∈ 𝕂. 
 

 |𝛼|∗ = 0 if and only if 𝛼 = 0, 
 |𝛼𝛽|∗ = |𝛼|∗|𝛽|∗, 
 |𝛼 + 𝛽|∗ ≤ max{|𝛼|∗, |𝛽|∗}. 

 
The pair (𝕂, | ⋅ |∗)is called a valued field. From Definition1.1, we have that in any non-

Archimedean field, |1|∗ = | − 1|∗ = 1 and |𝑛|∗ ≤ 1 for all 𝑛 ∈ ℕ. The valuation | ⋅ |∗ is trivial 
valuation  if ∀𝛼 ∈ 𝕂 , |𝛼|∗ = 1 , 𝛼 ≠ 0, and |0|∗ = 0.  In this article, we work with non-
Archimedean non-trivial field and write non-Archimedean field instead non-Archimedean non-
trivial field. The p-adic number field is a well-known example of non-Archimedean fields. In 
this direction we refer to (Diagana & Ramaroson 2016). 

 
Definition 1.2. Let 𝐸 be a vector space with dimension more than 1 over non-Archimedean 
field𝕂. A function ‖ ⋅,⋅ ‖∗: 𝐸ଶ → ℝା is a non-Archimedean 2-norm if it satisfies the following 
conditions: 
 

 ‖𝑥, 𝑦‖∗ = 0 if and only if 𝑥 and 𝑦 are linearly dependent, 
 ‖𝑥, 𝑦‖∗ = ‖𝑦, 𝑥‖∗, 
 ‖𝛼𝑥, 𝑦‖∗ = |𝛼|∗‖𝑥, 𝑦‖∗, 
 ‖𝑥 + 𝑦, 𝑧‖∗ ≤ max{‖𝑥, 𝑧‖∗, ‖𝑦, 𝑧‖∗}, 

 
for all 𝑥, 𝑦, 𝑧 ∈ 𝐸, 𝛼 ∈ 𝕂. The pair (𝐸, ‖ ⋅,⋅ ‖∗) is a non-Archimedean 2-normed space. For a 
complete non-Archimedean 2-normed space, we call non-Archimedean 2-Banach space. 

 
Example 1.3. (El-Fassi et al. 2020) Let 𝕂  be a non-Archimedean field, 𝜆 ∈ 𝕂  and 𝑥 =
(𝑥ଵ, 𝑥ଶ), 𝑦 = (𝑦ଵ, 𝑦ଶ) ∈ 𝐸 = 𝕂ଶ  with 𝜆𝑥 = (𝜆𝑥ଵ, 𝜆𝑥ଶ) and 𝑥 + 𝑦 = (𝑥ଵ + 𝑦ଶ, 𝑥ଶ + 𝑦ଶ) then, 
the non-Archimedean 2-norm on 𝐸is defined by ‖𝑥, 𝑦‖∗ = |𝑥ଵ𝑦ଶ − 𝑥ଶ𝑦ଵ|∗. 

 
Lemma 1.4. (El-Fassi et al. 2020) Let (𝐸, ‖ ⋅,⋅ ‖∗) be non-Archimedean 2-normed space, if 𝑥 ∈
𝐸, and  ‖𝑥, 𝑦‖∗ = 0, then 𝑥 = 0 for all 𝑦 ∈ 𝐸.  
 

The following definition states the concept of hyperstability. The family of all functions 
mapping a non-empty set 𝐵 into a non-empty set 𝐴 is symbolized with 𝐴஻. 

 
Definition 1.5. (El-Fassi 2018) Consider 𝐴 as a non-empty set, (𝑍, 𝑑)a metric space, 𝛾: 𝐴௡ →

ℝା, 𝐵 a non-empty subset of 𝐴௡ , and  ℋଵ, ℋଶ mapping a nonempty 𝒟 ⊂ 𝑍஺ into 𝑍஺೙
. The 

conditional equation 
 

ℋଵ𝜑(𝑥ଵ, ⋯ , 𝑥௡) = ℋଶ𝜑(𝑥ଵ, ⋯ , 𝑥௡), (𝑥ଵ, ⋯ , 𝑥௡) ∈ 𝐵                                                    (1) 
 

is 𝛾-hyperstable if every 𝜑଴ ∈ 𝒟, satisfying 
 

𝑑൫ℋଵ𝜑଴(𝑥ଵ, ⋯ , 𝑥௡), ℋଶ𝜑଴(𝑥ଵ, ⋯ , 𝑥௡)൯ ≤ 𝛾(𝑥ଵ, ⋯ , 𝑥௡), (𝑥ଵ, ⋯ , 𝑥௡) ∈ 𝐵                    (2) 
 

is a solution to Eq. (1).  Briefly, every approximately solution in the format of Eq. (2) is the 
solution of Eq. (1). 
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The notion results from Definition 1.5 reminds the Ulam stability problem for various 
equations. Let us recall the Ulam's question. 

 
Ulam's question. Let (𝐺ଵ,⋄)  be a group and (𝐺ଶ,⊛)  be a metric group with a meter 
𝜌: 𝐺ଶ × 𝐺ଶ → [0, ∞). Given 𝛿 > 0, does there exist 𝜖 > 0 such that if a function  ℎ: 𝐺ଵ → 𝐺ଶ 
satisfies the inequality 𝜌൫ℎ(𝑥 ⋄ 𝑦), ℎ(𝑥) ⊛ ℎ(𝑦)൯ ≤ 𝛿  for all 𝑥, 𝑦 ∈ 𝐺ଵ then there exist a 
homomorphism 𝑙: 𝐺ଵ → 𝐺ଶ with  𝜌൫ℎ(𝑥), 𝑙(𝑥)൯ < 𝜖 for all 𝑥 ∈ 𝐺ଵ? 
 

The first answer to this question was given by D. H. Hyers (Hyers 1941) in Banach spaces 
concerning the stability of additive functional equation. The most classical result which states 
Ulam's stability is seen in following equation called Cauchy equation 

 
𝑓(𝑥 + 𝑦) = 𝑓(𝑥) + 𝑓(𝑦), 𝑥, 𝑦 ∈ 𝐸ଵ.                                                                                (3) 
 
The following theorem describes Ulam's stability in better manner. 
 

Theorem 1.6. (El-Fassi 2018) Let 𝐸ଵ, 𝐸ଶ be normed spaces, and 𝑓: 𝐸ଵ → 𝐸ଶ  fulfils the next 
inequality for all 𝑥, 𝑦 ∈ 𝐸ଵ, 
 

‖𝑓(𝑥 + 𝑦) − 𝑓(𝑥) − 𝑓(𝑦)‖ ≤ 𝜃(‖𝑥‖௣ + ‖𝑦‖௣)                                                               (4) 
 

where 𝜃 and 𝑝 are real constants with 𝜃 > 0 and 𝑝 ≠ 1. Then, the following statements are 
valid. 
(1) If  𝐸ଶ is a complete normed space and 𝑝 ≥ 0, a unique solution 𝐻: 𝐸ଵ → 𝐸ଶ of Eq. (3) exists 

such that 
 

 ‖𝑓(𝑥) − 𝐻(𝑥)‖ ≤
ఏ

|ଵିଶ೛షభ|
 ‖𝑥‖௣ , 𝑥 ∈ 𝐸ଵ ∖ {0}.                                                            (5)   

   
(2) The 𝑓 is additive if 𝑝 < 0, means that Eq. (3) hold. 
 

Now, the Theorem 1.6 is stating the first result of stability considered by Hyers (Hyers 1941) 
if 𝑝 = 0 and Aoki (Aoki 1950) for 0 < 𝑝 < 1. Gajda (Gajda 1991) beside obtaining result for 
𝑝 > 1, illustrated an example showing that this theorem fails when 𝑝 = 1 to answer a question 
of Rassias regarding values of 𝑝. Furthermore, Rassias (Rassias 1991) observed that a similar 
result is valid also for 𝑝 < 0 (Rassias & Semrl 1992; Bourgin 1951). Now, it is clear that 
statement (2) is valid, and it states that 𝑓 must be additive.  This case proved for the first time 
(Lee 2008) and next in (Brzdek 2013a) on restricted domain. The stability of some functional 
equations have been obtained by many authors (see, e.g. Cieplinski 2011; Brzdek 2013c; El-
Fassi & Kabbaj 2015a; Gordji & Savadkouhi 2010; Khodaei et al. 2012; Mirmostafaee 2010; 
Moslehian & Rassias 2007; Moslehian & Sadeghi 2008) in various spaces. 

For the first time, the concept of hyperstability was used probably in (Maksa & Pales 2001); 
but, the first hyperstability result was published in (Bourgin 1949) concerning ring 
homomorphism.  Hyperstability results for various functional equations can be found in survey 
paper (Brzdek  & Cieplinski  2013) and related articles (Bahyrycz & Piszczek 2014; Brzdek 
2013a; 2013b ; 2014; 2015; El-Fassi & Kabbaj  2015b ; El-Fassi et al. 2016; El-Fassi 2017; El-
Fassi 2018; El-Fassi et al. 2020; Gselmann 2009; Almahalebi & Chahbi  2017) in both Banach 
and non-Archimedean Banach spaces.  
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Definition 1.7. (Piszczek 2015) Let 𝐸ଵ, 𝐸ଶ be normed spaces over numbered fields 𝔽 and 𝕂 
respectively. A function ℎ: 𝐸ଵ → 𝐸ଶ is (𝑟, 𝑠)-linear provided it satisfies the functional equation 
 

ℎ(𝑟𝑥 + 𝑠𝑦) = 𝑅ℎ(𝑥) + 𝑆ℎ(𝑦),  𝑥, 𝑦 ∈ 𝐸ଵ                                                                    (6) 
 

for  𝑟, 𝑠 𝔽 ∖ {0} , and 𝑅, 𝑆 ∈ 𝕂 ∖ {0}.   
Putting 𝑟 = 𝑠 = 𝑅 = 𝑆 = 1, we get Cauchy functional equation while the Jensen functional 

equation results when  𝑟 = 𝑠 = 𝑅 = 𝑆 =
ଵ

ଶ
 in Eq. (6).  In 2015, the hyperstability of general 

linear functional Eq. (6) studied by M. Piszczek (Piszczek 2015) in Banach spaces. I. El-Fassi 
(El-Fassi et al. 2018) obtained some hyperstability result for Eq. (6) in 𝛽-Banach spaces. In 
2024, S. Shuja studied some results on hyperstability of the general linear functional equation 
was studied in non-Archimedean Banach spaces (Shuja et al. 2024).  

In this paper, we use an extended version of fixed point method which is resulted from 
Brzdek and Cieplinski (2011)’s Theorem 1 for proving hyperstability of Eq. (6) in non-
Archimedean 2-Banach spaces. This method contains some hypotheses and a theorem. Before 
start the theorem, we mention the following hypotheses to state the theorem easily.  

 
(H1)  𝑋 is a nonempty set, 𝑌 is a non-Archimedean 2-Banach space over a non-Archimedean 
valued field 𝕂, ℎଵ, ⋯ , ℎ௞ : 𝑋 → 𝑋and 𝐺ଵ, ⋯ , 𝐺௞: 𝑋 × 𝑌 → ℝା are given maps. 
 
(H2)  𝒯: 𝑌௑ → 𝑌௑is an operator satisfying  
 

‖𝒯𝜉(𝑥) − 𝒯𝜇(𝑥), 𝑧‖∗ ≤ maxଵஸ௜ஸ௞ ቄ𝐺௜(𝑥, 𝑧) ฮ𝜉൫ℎ௜(𝑥)൯ − 𝜇൫ℎ௜(𝑥)൯, 𝑧ฮ
∗
ቅ, 

 
for all 𝜉, 𝜇 ∈ 𝑌௑, (𝑥, 𝑧) ∈ 𝑋 × 𝑌. 

 
 (H3)  𝛬: ℝା

௑×௒ → ℝା
௑×௒ is a non-decreasing operator defined by 

 
𝛬𝛿(𝑥, 𝑧): = maxଵஸ௜ஸ௞൛𝐺௜(𝑥, 𝑧)𝛿൫ℎ௜(𝑥)൯ൟ, 𝛿 ∈ 𝑅ା

௑×௒, 𝑥 ∈ 𝑋, 𝑧 ∈ 𝑌. 
 
Now, it is easy to offer the following fixed point theorem. 
 

Theorem 1.8. Suppose that hypothesis (H1) - (H3) are valid and the functions 𝜀: 𝑋 × 𝑌 → ℝା 
and 𝜑: 𝑋 → 𝑌 satisfy the next conditions 
 

‖𝒯𝜑(𝑥) − 𝜑(𝑥), 𝑧‖∗ ≤ 𝜀(𝑥, 𝑧), (𝑥, 𝑧) ∈ 𝑋 × 𝑌, 
 

lim
௡→ஶ

𝛬௡𝜀(𝑥, 𝑧) = 0, (𝑥, 𝑧) ∈ 𝑋 × 𝑌, 

 
then, a unique 𝜓 ∈ 𝑌௑ exists with 
 

𝜓(𝑥): = lim
௡→ஶ

𝒯௡𝜑(𝑥), 𝑥 ∈ 𝑋, 

 
which is the fixed point of  𝒯 such that, 
 

‖𝜑(𝑥) − 𝜓(𝑥), 𝑧‖∗ ≤ sup
௡∈ℕబ

𝛬௡𝜀(𝑥, 𝑧), (𝑥, 𝑧) ∈ 𝑋 × 𝑌. 
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Proof.  The proof can be directly driven from Brzdek and Cieplinski (2011)’s Theorem 1. In 
fact, Brzdek proved this theorem in non-Archimedean complete metric spaces, so in the light 
of Brzdek work, we can easily replace non-Archimedean metric𝑑of Brzdek theorem with non-
Archimedean 2-norm ‖ ⋅,⋅ ‖∗ in our work.  

2. Hyperstability Results 

In this section, we prove hyperstability results of the general functional equation in Eq. (6) in 
non-Archimedean 2-Banach spaces.  

 
Theorem 2.1.   Let 𝑋 be a real 2-normed space over ℝ with dimension more than 1, and 𝑌 be 
a non-Archimedean 2-Banach space over 𝕂,  𝑟, 𝑠 ℝ ∖ {0} , and 𝑅, 𝑆 ∈ 𝕂 ∖ {0}, 𝑙 ≥ 0, 𝑝, 𝑞 ∈
ℝ, 𝑝 + 𝑞 < 0 and ℎ: 𝑋 → 𝑌 satisfies 
 

‖ℎ(𝑟𝑥 + 𝑠𝑦) − 𝑅ℎ(𝑥) − 𝑆ℎ(𝑦), 𝑧‖∗ ≤ 𝑙 ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤ , (𝑥, 𝑦, 𝑧) ∈ 𝑋଴
ଶ × 𝑌                (7) 

 
then, ℎ is (𝑟, 𝑠)-linear. 

 
Proof.  When 𝑝 + 𝑞 < 0,  so one of 𝑝 or 𝑞 must be negative. Suppose  𝑞 < 0. Take  𝑚଴ ∈ ℕ 
such that 
 

𝛼௠: = max ቄቚ
ଵ

ோ
ቚ
∗

|𝑟 + 𝑠𝑚|௣ା௤ , ቚ
ௌ

ோ
ቚ

∗
𝑚௣ା௤ቅ < 1, for 𝑚 ∈ ℕ௠బ

0. 

 
Fix 𝑚 ≥ 𝑚଴ and replace 𝑦 by 𝑚𝑥 in Eq. (7), then 

 

‖
ଵ

ோ
ℎ(𝑟𝑥 + 𝑠𝑚𝑥) −

ௌ

ோ
ℎ(𝑚𝑥) − ℎ(𝑥), 𝑧‖∗ ≤

௟

|ோ|∗
 𝑚௤  ‖𝑥, 𝑧‖௣ା௤ ,  (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌.            (8) 

 
We define operator 𝒯௠: 𝑌௑బ → 𝑌௑బ  by 

 

𝒯௠𝜉(𝑥): =
ଵ

ோ
𝜉൫(𝑟 + 𝑠𝑚)𝑥൯ −

ௌ

ோ
𝜉(𝑚𝑥), 𝜉 ∈ 𝑌௑బ , 𝑥 ∈ 𝑋଴, 

 
and write 
 

𝜀௠(𝑥, 𝑧): =
௟

|ோ|∗
 𝑚௤ ‖𝑥, 𝑧‖௣ା௤ , (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌                                                              (9) 

 
then, the Eq. (8) changes to 
 

‖𝒯௠ℎ(𝑥) − ℎ(𝑥), 𝑧‖∗ ≤ 𝜀௠(𝑥, 𝑧), (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌. 
 
Let also define 𝛬௠: ℝା

௑బ×௒
→ ℝା

௑బ×௒ by 
 

𝛬௠𝛿(𝑥, 𝑧): = max ൜ฬ
1

𝑅
ฬ

∗
𝛿൫(𝑟 + 𝑠𝑚)𝑥, 𝑧൯, ฬ

𝑆

𝑅
ฬ
∗

𝛿(𝑚𝑥, 𝑧)ൠ , 𝛿 ∈ ℝା
௑బ , 𝑥 ∈ 𝑋଴ 
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clearly, 𝛬௠ has the form  what was before described in (H3) with 𝑘 = 2, ℎଵ(𝑥) = (𝑟 + 𝑠𝑚)𝑥, 

ℎଶ(𝑥) = 𝑚𝑥 , 𝐺ଵ(𝑥, 𝑧) = ቚ
ଵ

ோ
ቚ

∗
 and 𝐺ଶ(𝑥, 𝑧) = ቚ

ௌ

ோ
ቚ

∗
 for 𝑥 ∈ 𝑋଴ , 𝑧 ∈ 𝑌. Furthermore, for every 

𝜉, 𝜇 ∈ 𝑌௑బ , (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌,  
 

‖𝒯௠𝜉(𝑥) − 𝒯௠𝜇(𝑥), 𝑧‖∗ = ቛ
ଵ

ோ
𝜉൫(𝑟 + 𝑠𝑚)𝑥൯ −

ௌ

ோ
𝜉(𝑚𝑥) −

ଵ

ோ
𝜇൫(𝑟 + 𝑠𝑚)𝑥൯ +

     
ௌ

ோ
𝜇(𝑚𝑥), 𝑧ቛ

∗
≤ max ቄቚ

ଵ

ோ
ቚ

∗
ฮ(𝜉 − 𝜇)൫(𝑟 + 𝑠𝑚)𝑥൯, 𝑧ฮ

∗
, ቚ

ௌ

ோ
ቚ

∗
‖(𝜉 − 𝜇)(𝑚𝑥), 𝑧‖∗ቅ   

= maxଵஸ௜ஸଶ ቄ𝐺௜(𝑥, 𝑧) ฮ(𝜉 − 𝜇)൫ℎ௜(𝑥)൯, 𝑧ฮ
∗
ቅ . 

   
Therefore, (H2) is also valid. Let us show that for each (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌, 
 

𝛬௠
௡  𝜀௠(𝑥, 𝑧) =

௟

|ோ|∗
𝑚௤  ‖𝑥, 𝑧‖௣ା௤  𝛼௠

௡                                                                                (10) 

 

where 𝛼௠: = max ቄቚ
ଵ

ோ
ቚ

∗
|𝑟 + 𝑠𝑚|௣ା௤ , ቚ

ௌ

ோ
ቚ

∗
𝑚௣ା௤ቅ. For 𝑛 = 0 the result is trivial and Eq. (10) 

satisfies Eq. (9). Next, we assume that Eq. (10) holds for 𝑛 = 𝑘, for 𝑘 ∈ ℕ. Then, we have 
 

𝛬௠
௞ାଵ𝜀௠(𝑥, 𝑧) = 𝛬௠ ቀ𝛬௠

௞ 𝜀௠(𝑥, 𝑧)ቁ = max ቄቚ
ଵ

ோ
ቚ

∗
𝛬௠

௞ 𝜀௠൫(𝑟 + 𝑠𝑚) 𝑥, 𝑧൯,

ቚ
ௌ

ோ
ቚ

∗
𝛬௠

௞ 𝜀௠(𝑚𝑥, 𝑧)ቅ  

= max ቄ
௟

|ோ|∗
𝑚௤  ‖𝑥, 𝑧‖௣ା௤  𝛼௠

௞ ቚ
ଵ

ோ
ቚ

∗
 |𝑟 + 𝑠𝑚|௣ା௤ ,

௟

|ோ|∗
 𝑚௤ ‖𝑥, 𝑧‖௣ା௤  𝛼௠

௞  ቚ
ௌ

ோ
ቚ

∗
𝑚௣ା௤ቅ  

=
௟

|ோ|∗
 𝑚௤  ‖𝑥, 𝑧‖௣ା௤  𝛼௠

௞  max ቄቚ
ଵ

ோ
ቚ
∗

|𝑟 + 𝑠𝑚|௣ା௤ , ቚ
ௌ

ோ
ቚ
∗

𝑚௣ା௤ቅ  

=
௟

|ோ|∗
 𝑚௤  ‖𝑥, 𝑧‖௣ା௤  𝛼௠

௞ାଵ, (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌  

 
It means that Eq. (10) holds for 𝑛 = 𝑘 + 1, so Eq. (10) holds for all 𝑛 ∈ ℕ଴ . It can be 

obtained from Eq. (10) that for all 𝑥 ∈ 𝑋଴ 
 

𝑙𝑖𝑚
௡→ஶ

𝛬௡𝜀௠(𝑥, 𝑧) = 0 

 
Therefore, by Theorem 1.8,  a unique solution 𝐹௠: 𝑋଴ → 𝑌of the equation  

 

𝐹௠(𝑥) =
ଵ

ோ
𝐹௠൫(𝑟 + 𝑠𝑚)𝑥൯ −

ௌ

ோ
𝐹௠(𝑚𝑥), 𝑥 ∈ 𝑋଴  

 
exists such that 
 

‖ℎ(𝑥) − 𝐹௠(𝑥), 𝑧‖∗ ≤ sup
௡∈ℕబ

ቄ
௟

|ோ|∗
𝑚௤‖𝑥, 𝑧‖௣ା௤𝛼௠

௡ ቅ , (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌. 

 
Moreover, for all𝑥 ∈ 𝑋଴,  

 
𝐹௠(𝑥): = lim

௡→ஶ
𝒯௠

௡ℎ(𝑥). 

 
Now we show that for every (𝑥, 𝑦, 𝑧) ∈ 𝑋଴

ଶ × 𝑌 and 𝑛 ∈ ℕ଴, 
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‖𝒯௠
௡ℎ(𝑟𝑥 + 𝑠𝑦) − 𝑅𝒯௠

௡ℎ(𝑥) − 𝑆𝒯௠
௡ℎ(𝑦), 𝑧‖∗ ≤ 𝑙 𝛼௠

௡  ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤.                          (11) 
 

Therefore, if 𝑛 = 0, then Eq. (11) is simply Eq. (7). Take 𝑘 ∈ ℕ଴ and suppose that Eq. (11) 
holds for 𝑛 = 𝑘. Then for 𝑛 = 𝑘 + 1,  
 

‖𝒯௠
௞ାଵℎ(𝑟𝑥 + 𝑠𝑦) − 𝑅𝒯௠

௞ାଵℎ(𝑥) − 𝑆𝒯௠
௞ାଵℎ(𝑦), 𝑧‖∗ = ቛ

ଵ

ோ
𝒯௠

௞ℎ൫(𝑟 + 𝑠𝑚)(𝑟𝑥 + 𝑠𝑦)൯ −
ௌ

ோ
𝒯௠

௞ℎ൫𝑚(𝑟𝑥 + 𝑠𝑦)൯ − 𝑅
ଵ

ோ
𝒯௠

௞ℎ൫(𝑟 + 𝑠𝑚)𝑥൯ + 𝑅
ௌ

ோ
𝒯௠

௞ℎ(𝑚𝑥) − 𝑆
ଵ

ோ
𝒯௠

௞ℎ൫(𝑟 + 𝑠𝑚)𝑦൯ +

𝑆
ௌ

ோ
𝒯௠

௞ℎ(𝑚𝑦), 𝑧ቛ
∗
  

 ≤ max ቄቚ
ଵ

ோ
ቚ

∗
ฮ𝒯௠

௞ℎ൫(𝑟 + 𝑠𝑚)(𝑟𝑥 + 𝑠𝑦)൯ − 𝑅𝒯௠
௞ℎ൫(𝑟 + 𝑠𝑚)𝑥൯ − 𝐷𝒯௠

௞ℎ൫(𝑟 +

𝑠𝑚)𝑦൯, 𝑧ฮ
∗
, ቚ

ௌ

ோ
ቚ

∗
 ฮ𝒯௠

௞ℎ൫𝑚(𝑟𝑥 + 𝑠𝑦)൯ − 𝑅𝒯௠
௞ℎ(𝑚𝑥) − 𝑆𝒯௠

௞ℎ(𝑚𝑦), 𝑧ฮ
∗
ቅ  

≤ max ቄቚ
ଵ

ோ
ቚ

∗
 𝑙 𝛼௠

௞  ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤   |𝑟 + 𝑠𝑚|௣ା௤  ቚ
ௌ

ோ
ቚ

∗
𝑙 𝛼௠

௞  ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤  𝑚௣ା௤ቅ  

= 𝑙 𝛼௠
௞ାଵ ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤ , (𝑥, 𝑦, 𝑧) ∈ 𝑋଴

ଶ × 𝑌, 
 

so, by induction it is clear that Eq. (11) holds for every 𝑛 ∈ ℕ଴. Letting 𝑛 tends to ∞ in Eq. 
(11), then 
 

𝐹௠(𝑟𝑥 + 𝑠𝑦) = 𝑅𝐹௠(𝑥) + 𝑆𝐹௠(𝑥), 𝑥 ∈ 𝑋଴. 
 
From Theorem 1.8,  there exist a sequence {𝐹௠}௠ஹ௠బ

 of linear functions on 𝑋଴ such that 
 

‖ℎ(𝑥) − 𝐹௠(𝑥), 𝑧‖∗ ≤ sup
௡∈ℕబ

ቄ
௟

|ோ|∗
 𝑚௤  ‖𝑥, 𝑧‖௣ା௤  𝛼௠

௡ ቅ , (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌  

 
which implies that 
 

‖ℎ(𝑥) − 𝐹௠(𝑥), 𝑧‖∗ ≤
௟

|ோ|∗
𝑚௤ ‖𝑥, 𝑧‖௣ା௤ , (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌  

 
and let 𝑚 tends to ∞ in last inequality, it results that ℎ is (𝑟, 𝑠)-linear.    
 

In the next theorem, we consider the previous theorem when condition 𝑝 + 𝑞 > 0. 
 

Theorem 2.2.  Let 𝑋 be a real 2-normed space over ℝ with dimension more than 1, and 𝑌 be 
a non-Archimedean 2-Banach space over non-Archimedean field 𝕂,  𝑟, 𝑠 ℝ ∖ {0} , and 𝑅, 𝑆 ∈

𝕂 ∖ {0}, 𝑙 ≥ 0, 𝑝, 𝑞 ∈ ℝ, 𝑝 + 𝑞 > 0 and ℎ: 𝑋 → 𝑌satisfies Eq. (7),  then ℎ is (𝑟, 𝑠)-linear. 
 
Proof. Take 𝑚଴ ∈ ℕ, such that,  
 

𝛼௠: = max ൜ቚ
ଵ

ோ
ቚ

∗
ቚ𝑟 −

௥

௠
ቚ

௣ା௤
, ቚ

ௌ

ோ
ቚ

∗
ቚ

௥

௦௠
ቚ

௣ା௤

ൠ < 1, for 𝑚 ∈ ℕ௠బ
  

 
Since 𝑝 + 𝑞 > 0, one of 𝑝, 𝑞 must be positive. Let 𝑞 > 0 and replace 𝑦 by  −

௥

௦௠
𝑥 in Eq. 

(7), then 
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ቛ
ଵ

ோ
ℎ ൬ቀ𝑟 −

௥

௠
ቁ 𝑥൰ −

ௌ

ோ
ℎ ቀ−

௥

௦௠
𝑥ቁ − ℎ(𝑥), 𝑧ቛ

∗
≤

௟

|ோ|∗
ቚ

௥

௦௠
ቚ
௤

 ‖𝑥, 𝑧‖௣ା௤                            (12) 

 
for (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌 . Define 𝒯௠: 𝑌௑బ → 𝑌௑బ  by  
 

𝒯௠𝜉(𝑥): =
ଵ

ோ
𝜉 ൬ቀ𝑟 −

௥

௠
ቁ 𝑥൰ −

ௌ

ோ
𝜉 ቀ−

௥

௦௠
𝑥ቁ , 𝜉 ∈ 𝑌௑బ , 𝑥 ∈ 𝑋଴  

 
and write 
 

𝜀௠(𝑥, 𝑧): =
௟

|ோ|∗
ቚ

௥

௦௠
ቚ
௤

‖𝑥, 𝑧‖௣ା௤ , (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌                                                         (13) 

 
then, the Eq. (12) takes the form 
 

‖𝒯௠ℎ(𝑥) − ℎ(𝑥), 𝑧‖∗ ≤ 𝜀௠(𝑥, 𝑧), (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌. 
 

We also define 𝛬௠: ℝା
௑బ×௒

→ ℝା
௑బ×௒by 

 

𝛬௠𝛿(𝑥, 𝑧): = max ቄቚ
ௌ

ோ
ቚ

∗
𝛿 ൬ቀ𝑟 −

௥

௠
ቁ 𝑥, 𝑧൰ , ቚ

ௌ

ோ
ቚ

∗
𝛿 ቀ−

௥

௦௠
𝑥, 𝑧ቁቅ , 𝛿 ∈ ℝା

௑బ , 𝑥 ∈ 𝑋଴  

 

and see that 𝛬௠ has the form described in (H3) with 𝑘 = 2,  ℎଵ(𝑥) = ቀ𝑟 −
௥

௠
ቁ 𝑥,  ℎଶ(𝑥) =

−
௥

௦௠
𝑥,  𝐺ଵ(𝑥, 𝑧) = ቚ

ଵ

ோ
ቚ

∗
and 𝐺ଶ(𝑥, 𝑧) = ቚ

ௌ

ோ
ቚ
∗
.  

 Furthermore, for every 𝜉, 𝜇 ∈ 𝑌௑బ, (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌, 
 

‖𝒯௠𝜉(𝑥) − 𝒯௠𝜇(𝑥), 𝑧‖∗ = ቛ
ଵ

ோ
𝜉 ൬ቀ𝑟 −

௥

௠
ቁ 𝑥൰ −

ௌ

ோ
𝜉 ቀ−

௥

௦௠
𝑥ቁ −

ଵ

ோ
𝜇 ൬ቀ𝑟 −

௥

௠
ቁ 𝑥൰ +

      
ௌ

ோ
𝜇 ቀ−

௥

௦௠
𝑥ቁ , 𝑧 ቛ

∗
≤ max ൜ቚ

ଵ

ோ
ቚ

∗
ቛ(𝜉 − 𝜇) ൬ቀ𝑟 −

௥

௠
ቁ 𝑥൰ , 𝑧ቛ

∗
, ቚ

ௌ

ோ
ቚ

∗
 ቛ(𝜉 − 𝜇) ቀ−

௥

௦௠
𝑥ቁ , 𝑧ቛ

∗
ൠ  

= maxଵஸ௜ஸଶ൛𝐺௜(𝑥, 𝑧)‖(𝜉 − 𝜇)൫ℎ௜(𝑥)൯, 𝑧‖∗ൟ   
 
so, (H2) is valid. 

 
Using mathematical induction, we show that 
 

𝛬௠
௡  𝜀௠(𝑥, 𝑧) =

௟

|ோ|∗
ቚ

௥

௦௠
ቚ
௤

 ‖𝑥, 𝑧‖௣ା௤   𝛼௠
௡ , (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌                                            (14) 

 

where 𝛼௠ = max ൜ቚ
ௌ

ோ
ቚ
∗

ቚ𝑟 −
௥

௠
ቚ

௣ା௤
, ቚ

ௌ

ோ
ቚ

∗
ቚ

௥

௦௠
ቚ
௣ା௤

ൠ. For 𝑛 = 0, Eq. (14) satisfies Eq. (13). Next, 

we suppose that Eq. (14) holds for 𝑛 = 𝑘, 𝑘 ∈ ℕ. Then, we have 
 

𝛬௠
௞ାଵ𝜀௠(𝑥, 𝑧) = 𝛬௠ ቀ𝛬௠

௞ 𝜀௠(𝑥, 𝑧)ቁ  

= max ቄቚ
ଵ

ோ
ቚ

∗
𝛬௠

௞ 𝜀௠ ൬ቀ𝑟 −
௥

௠
ቁ 𝑥, 𝑧൰ , ቚ

ௌ

ோ
ቚ
∗

𝛬௠
௞ 𝜀௠ ቀ−

௥

௦௠
𝑥, 𝑧ቁቅ  

= max ൜
௟

|ோ|∗
 ቚ

௥

௦௠
ቚ

௤
 ‖𝑥, 𝑧‖௣ା௤ 𝛼௠

௞ ቚ
ଵ

ோ
ቚ

∗
ቚ𝑟 −

௥

௠
ቚ

௣ା௤
,

௟

|ோ|∗
𝑚௤ ‖𝑥, 𝑧‖௣ା௤  𝛼௠

௞ ቚ
ௌ

ோ
ቚ
∗

ቚ
௥

௦௠
ቚ
௣ା௤

ൠ  
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=
௟

|ோ|∗
 ቚ

௥

௦௠
ቚ
௤

 ‖𝑥, 𝑧‖௣ା௤  𝛼௠
௞ max ൜ቚ

ଵ

ோ
ቚ
∗

ቚ𝑟 −
௥

௠
ቚ

௣ା௤
, ቚ

ௌ

ோ
ቚ
∗

ቚ
௥

௦௠
ቚ

௣ା௤

ൠ  

=
௟

|ோ|∗
 ቚ

௥

௦௠
ቚ
௤

  ‖𝑥, 𝑧‖௣ା௤  𝛼௠
௞ାଵ, (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌. 

 
We observe that Eq. (14) holds for 𝑛 = 𝑘 + 1. So, Eq. (14) holds for all 𝑛 ∈ ℕ. Clearly, from 
Eq. (14), we obtain that for all 𝑥 ∈ 𝑋଴, 
 

lim
௡→ஶ

𝛬௡𝜀௠(𝑥, 𝑧) = 0. 

 
So, Theorem 1.8 states that there exist a unique solution 𝐹௠: 𝑋଴ → 𝑌of the equation 

 

𝐹௠(𝑥) =
ଵ

ோ
𝐹௠ ൬ቀ𝑟 −

௥

௠
ቁ 𝑥൰ −

ௌ

ோ
𝐹௠ ቀ−

௥

௦௠
𝑥ቁ , 𝑥 ∈ 𝑋଴, 

 
such that 
 

‖ℎ(𝑥) − 𝐹௠(𝑥), 𝑧‖∗ ≤ sup
௡∈ℕబ

ቄ
௟

|ோ|∗
 ቚ

௥

௦௠
ቚ
௤

 ‖𝑥, 𝑧‖௣ା௤  𝛼௠
௡ ቅ , (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌. 

 
Moreover, for all 𝑥 ∈ 𝑋଴, 

 
𝐹௠(𝑥): = lim

௡→ஶ
𝒯௠

௡ℎ(𝑥). 

 
Now we show that for every (𝑥, 𝑦, 𝑧) ∈ 𝑋଴

ଶ × 𝑌 and 𝑛 ∈ ℕ଴,  
 
‖𝒯௠

௡ℎ(𝑟𝑥 + 𝑠𝑦) − 𝑅𝒯௠
௡ℎ(𝑥) − 𝑆𝒯௠

௡ℎ(𝑦), 𝑧‖∗ ≤ 𝑙𝛼௠
௡  ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤.                           (15) 

 
Put  𝑛 = 0 , then Eq. (15) is simply Eq. (7). Take  𝑘 ∈ ℕ଴and suppose that Eq. (15) holds 

for 𝑛 = 𝑘. We see for 𝑛 = 𝑘 + 1,  

ฮ𝒯௠
௞ାଵℎ(𝑟𝑥 + 𝑠𝑦) − 𝑅𝒯௠

௞ାଵℎ(𝑥) − 𝑆𝒯௠
௞ାଵℎ(𝑦), 𝑧ฮ

∗
= ቛ

ଵ

ோ
𝒯௠

௞ℎ ൬ቀ𝑟 −
௥

௠
ቁ (𝑟𝑥 + 𝑠𝑦)൰ −

ௌ

ோ
𝒯௠

௞ℎ ൬−
௥

ௗ௠
(𝑟𝑥 + 𝑠𝑦)൰ − 𝑅

ଵ

ோ
𝒯௠

௞ℎ ൬ቀ𝑟 −
௥

௠
ቁ 𝑥൰ + 𝑅

ௌ

ோ
𝒯௠

௞ℎ ቀ−
௥

௦௠
𝑥ቁ − 𝑆

ଵ

ோ
𝒯௠

௞ℎ ൬ቀ𝑟 −

௥

௠
ቁ 𝑦൰ + 𝑆

ௌ

ோ
𝒯௠

௞ℎ ቀ−
௥

௦௠
𝑦ቁ , 𝑧ቛ

∗
  

≤ max ൜ቚ
ଵ

ோ
ቚ
∗

ቛ𝒯௠
௞ℎ ൬ቀ𝑟 −

௥

௠
ቁ (𝑟𝑥 + 𝑠𝑦)൰ − 𝑅𝒯௠

௞ℎ ൬ቀ𝑟 −
௥

௠
ቁ 𝑥൰ − 𝑆𝒯௠

௞ℎ ൬ቀ𝑟 −

       
௥

௠
ቁ 𝑦൰ , 𝑧ቛ

∗
, ቚ

ௌ

ோ
ቚ

∗
 ቛ𝒯௠

௞ℎ ൬−
௥

௦௠
(𝑟𝑥 + 𝑠𝑦)൰ − 𝑅𝒯௠

௞ℎ ቀ−
௥

௦௠
𝑥ቁ − 𝑆𝒯௠

௞ℎ ቀ−
௥

௦௠
𝑦ቁ , 𝑧ቛ

∗
ൠ  

≤ max ൜ቚ
ଵ

ோ
ቚ
∗

𝑙 𝛼௠
௞  ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤  ቚ𝑟 −

௥

௠
ቚ

௣ା௤
 ,  ቚ

ௌ

ோ
ቚ

∗
 𝑙 𝛼௠

௞  ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤  ቚ
௥

௦௠
ቚ

௣ା௤

ൠ  

= 𝑙 𝛼௠
௞  ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤ max ൜ቚ

ଵ

ோ
ቚ
∗

ቚ𝑟 −
௥

௠
ቚ

௣ା௤
, ቚ

ௌ

ோ
ቚ

∗
ቚ

௥

௦௠
ቚ

௣ା௤

ൠ  

= 𝑙 𝛼௠
௞ାଵ ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤ , (𝑥, 𝑦, 𝑧) ∈ 𝑋଴

ଶ × 𝑌  
 

thus, we obtained that Eq. (15) holds for every 𝑛 ∈ ℕ଴. Letting 𝑛 → ∞ in Eq. (15), we see that, 
 

𝐹௠(𝑟𝑥 + 𝑠𝑦) = 𝑅𝐹௠(𝑥) + 𝑆𝐹௠(𝑥), 𝑥 ∈ 𝑋଴. 
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Applying Theorem 1.8, a sequence {𝐹௠}௠ஹ௠బ
of linear functions on 𝑋଴ exists such that 

 

‖ℎ(𝑥) − 𝐹௠(𝑥), 𝑧‖∗ ≤ sup
௡∈ℕబ

ቄ
௟

|ோ|∗
 ቚ

௥

௦௠
ቚ
௤

 ‖𝑥, 𝑧‖௣ା௤  𝛼௠
௡ ቅ , (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌  

 

‖ℎ(𝑥) − 𝐹௠(𝑥), 𝑧‖∗ ≤
௟

|ோ|∗
 ቚ

௥

௦௠
ቚ
௤

 ‖𝑥, 𝑧‖௣ା௤ , (𝑥, 𝑧) ∈ 𝑋଴ × 𝑌  

 
and when 𝑚 → ∞,  it follows that ℎ is (𝑟, 𝑠)-linear.    

In the next theorem, we prove hyperstability of the general linear functional equation on 
whole  𝑋, when  𝑝, 𝑞 > 0.  

 
Theorem 2.3.  Let 𝑋 be a real 2-normed space over ℝ with dimension more than 1, and 𝑌 be 
a non-Archimedean 2 -Banach space over non-Archimedean field 𝕂,  𝑟, 𝑠 𝔽 ∖ {0} ,  𝑅, 𝑆 ∈  𝕂 ∖
{0}, 𝑙 ≥ 0, 𝑝, 𝑞 ∈ ℝ, 𝑝, 𝑞 > 0 and ℎ: 𝑋 → 𝑌 satisfies 
 

‖ℎ(𝑟𝑥 + 𝑠𝑦) − 𝑅ℎ(𝑥) − 𝑆ℎ(𝑦), 𝑧‖∗ ≤ 𝑙 ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤ , (𝑥, 𝑦, 𝑧) ∈ 𝑋ଶ × 𝑌              (16) 
 

if  |𝑟|௣ା௤ ≠ |𝑅|∗  or  |𝑠|௥ା௦ ≠ |𝑆|∗,  then ℎ is (𝑟, 𝑠)-linear. 
 
Proof.  When 𝑝 and 𝑞 are positive, we can set 0 in Eq. (16), and get some auxiliary equalities. 
We prove in the case |𝑟|௣ା௤ ≠ |𝑅|∗. The same proof can be also applied when |𝑠|௣ା௤ ≠ |𝑆|∗. 
Assume that  |𝑟|௣ା௤ < |𝑅|∗. Setting 𝑥 = 𝑦 = 0 in Eq. (16), we get 
 

(1 − 𝑅 − 𝑆)ℎ(0) = 0    .                                                                                                   (17) 
 
Put 𝑦 = 0 in Eq. (16) we have  

 
ℎ(𝑟𝑥) = 𝑅ℎ(𝑥) + 𝑆ℎ(0), 𝑥 ∈ 𝑋 

 
and can be written as  
 

ℎ(𝑥) = 𝑅ℎ ቀ
௫

௥
ቁ + 𝑆ℎ(0), 𝑥 ∈ 𝑋. 

 
Using Eq. (16) and Eq. (17), we obtain  

 

ቛ𝑅ℎ ቀ
௥௫ା௦௬

௥
ቁ − 𝑅𝑅ℎ ቀ

௫

௥
ቁ − 𝑆𝑅ℎ ቀ

௬

௥
ቁ , 𝑧ቛ

∗
≤ 𝑙 ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤ , (𝑥, 𝑦, 𝑧) ∈ 𝑋ଶ × 𝑌  

 
replacing 𝑥 by 𝑟𝑥 and 𝑦 by 𝑟𝑦 in the last inequality, then 
 

‖ℎ(𝑟𝑥 + 𝑠𝑦) − 𝑅ℎ(𝑥) − 𝑆ℎ(𝑦), 𝑧‖∗ ≤ 𝑙
|௥|೛శ೜

|ோ|∗
  ‖𝑥, 𝑧‖௣  ‖𝑦, 𝑧‖௤ , (𝑥, 𝑦, 𝑧) ∈ 𝑋ଶ × 𝑌. 

 
Now by induction, we show that 

 

‖ℎ(𝑟𝑥 + 𝑠𝑦) − 𝑅ℎ(𝑥) − 𝑆ℎ(𝑦), 𝑧‖∗ ≤ 𝑙 ቀ
|௥|೛శ೜

|ோ|∗
ቁ

௡

 ‖𝑥, 𝑧‖௣  ‖𝑦, 𝑧‖௤                                 (18) 
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for all (𝑥, 𝑦, 𝑧) ∈ 𝑋ଶ × 𝑌.  Clearly, Eq. (18) satisfies Eq. (16) for 𝑛 = 0. Assume that Eq. (18) 
holds for 𝑛 = 𝑘, 𝑘 ∈ ℕ,  then 
 

ቛ𝑅ℎ ቀ
௥௫ା௦௬

௥
ቁ − 𝑅𝑅ℎ ቀ

௫

௥
ቁ − 𝑆𝑅ℎ ቀ

௬

௥
ቁ , 𝑧ቛ

∗
≤ 𝑙 ቀ

|௥|೛శ೜

|ோ|∗
ቁ

௞

‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤ ,  (𝑥, 𝑦, 𝑧) ∈ 𝑋ଶ × 𝑌  

 
Apply replacements 𝑥 by 𝑟𝑥 and 𝑦 by 𝑟𝑦 in the last inequality, we get that 
 

‖ℎ(𝑟𝑥 + 𝑠𝑦) − 𝑅ℎ(𝑥) − 𝑆ℎ(𝑦), 𝑧‖∗ ≤ 𝑙 ቀ
|௥|೛శ೜

|ோ|∗
ቁ

௞ାଵ

 ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤ ,  (𝑥, 𝑦, 𝑧) ∈ 𝑋ଶ × 𝑌. 

 
So, Eq. (18) holds for all 𝑛 ∈ ℕ଴ and with 𝑛 → ∞,  
 

ℎ(𝑟𝑥 + 𝑠𝑦) = 𝑅ℎ(𝑥) + 𝑆ℎ(𝑦), 𝑥, 𝑦 ∈ 𝑋. 
 

In the case |𝑅|
∗

< |𝑟|𝑝+𝑞, we use the equation ℎ(𝑥) =
ଵ

ோ
ℎ(𝑟𝑥) −

஽

ோ
ℎ(0) with Eq. (16) and 

Eq. (17) 
 

ቛ
ଵ

ோ
ℎ൫𝑟(𝑟𝑥 + 𝑠𝑦)൯ − 𝑅

ଵ

ோ
ℎ(𝑟𝑥) − 𝑆

ଵ

ோ
ℎ(𝑅𝑦), 𝑧ቛ

∗
≤ 𝑙 ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤ ,  (𝑥, 𝑦, 𝑧) ∈ 𝑋ଶ × 𝑌. 

 
Replacing 𝑥 by  

௫

௥
  and y  by  

௬

௥
 in the last inequality, we obtain 

 

‖ℎ(𝑟𝑥 + 𝑠𝑦) − 𝑅ℎ(𝑥) − 𝑆ℎ(𝑦), 𝑧‖∗  ≤ 𝑙
|ோ|∗

|௥|೛శ೜  ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤ , (𝑥, 𝑦, 𝑧) ∈ 𝑋ଶ × 𝑌  

 
and using induction and same to the first case, we can get 
 

‖ℎ(𝑟𝑥 + 𝑠𝑦) − 𝑅ℎ(𝑥) − 𝑆ℎ(𝑦), 𝑧‖∗ ≤ 𝑙 ቀ
|ோ|∗

|௥|೛శ೜ቁ
௡

 ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤ , (𝑥, 𝑦, 𝑧) ∈ 𝑋ଶ × 𝑌  

 
with 𝑛 → ∞, results that ℎ is (𝑟, 𝑠)-linear.     
 

Some applications of results are stated in the following corollaries.  
 

Corollary 2.4. Let 𝑋 be a real 2-normed space over ℝ with dimension more than 1, and 𝑌 be 
a non-Archimedean  2-Banach space over non-Archimedean field 𝕂 , 𝑙 ≥ 0, 𝑝, 𝑞 ∈ ℝ , the 
generalized Jensen functional equation 
 

𝑓 ൬
𝑥 + 𝑦

𝛼
൰ =

1

𝛼
𝑓(𝑥) +

1

𝛼
𝑓(𝑦), 𝑥, 𝑦 ∈ 𝑋, 𝛼 ∈ ℕ,   𝛼 > 2, 

 
is hyperstable in the class of functions 𝑓: 𝑋 → 𝑌  with control function 𝜑(𝑥, 𝑦, 𝑧) =
𝑙 ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤  if the following conditions hold: 
 

 𝑝 + 𝑞 < 0,  0 ∉ 𝑋, 
 𝑝 + 𝑞 > 0,  0 ∉ 𝑋, 
 𝑝, 𝑞 > 0,   0 ∈ 𝑋. 
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Proof. With a simple comparison, it is clear that the generalized Jensen functional equation 

satisfies the general linear functional equation in Eq. (6) with 𝑟 = 𝑠 = 𝑅 = 𝑆 =
1

𝛼
 , so when 

𝑝 + 𝑞 < 0 and 0 ∉ 𝑋, then by Theorem 2.1, the generalized Jensen functional equation is 
hyperstable in class of functions 𝑓: 𝑋 → 𝑌. In similar manner, Theorem 2.2 states hyperstability 
result for 𝑝 + 𝑞 > 0 and Theorem 2.3, for 𝑝, 𝑞 > 0. In this way, the proof becomes complete.   
 

 
Corollary 2.5. Let 𝑋 be a real 2-normed space over ℝ with dimension more than 1 and 𝑌 be a 
non-Archimedean  2-Banach space over non-Archimedean field 𝕂, 𝑟, 𝑠 𝔽 ∖ {0} ,  𝑅, 𝑆 ∈ 𝕂 ∖
{0},  𝑙 ≥ 0, 𝑝, 𝑞 ∈ ℝ, 𝐻: 𝑋ଶ → 𝑌, 𝐻(𝑣, 𝑤) ≠ 0  for some 𝑣, 𝑤 ∈ 𝑋 and 
 

‖𝐻(𝑥, 𝑦), 𝑧‖∗ ≤ 𝑙 ‖𝑥, 𝑧‖௣ ‖𝑦, 𝑧‖௤ , (𝑥, 𝑦, 𝑧) ∈ 𝑋ଶ × 𝑌 
 

with existence following conditions 
 

 𝑝 + 𝑞 < 0,  0 ∉ 𝑋, 
 𝑝 + 𝑞 > 0,  0 ∉ 𝑋, 
 𝑝, 𝑞 > 0,  0 ∈ 𝑋, |𝑟|௥ା௦ ≠ |𝑅|∗ or  |𝑠|௥ା௦ ≠ |𝑆|∗, 

 
the functional equation 
 

ℎ(𝑟𝑥 + 𝑠𝑦) = 𝑅ℎ(𝑥) + 𝑆ℎ(𝑦) + 𝐻(𝑥, 𝑦), 𝑥, 𝑦 ∈ 𝑋,                                                     (19) 
 

has no solution in the class of functions ℎ: 𝑋 → 𝑌. 
 

Proof. Suppose that ℎ: 𝑋 → 𝑌 be a solution to Eq. (19). Then Eq. (7) holds. From Theorem 2.1, 
Theorem 2.2 and Theorem 2.3, it comes that ℎ  is ( 𝑟, 𝑠 )-linear, so 𝐻(𝑣, 𝑤) = 0  which 
contradicts the assumption.   

3. Conclusion   

Regarding Hyers-Ulam stability, an equation is stable when it has an approximately solution 
near to the main solution of the equation, and the difference of approximately and the exact 
solutions is controlling by a function called control function. With some assumptions on control 
function, somewhere the approximately solution changes to the exact solution. In this case the 
notion is called hyperstability, and the equation is called hyperstable. In this research the 
hyperstability of general linear functional equation is considered in non-Archimedean 2-Banach 
spaces using fixed pint method. In fact, under assumption existing in proved theorems, the 
existing and uniqueness of a linear map from a 2-normed space to non-Archimedean 2-Banach 
space is proved.  
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