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ABSTRACT

Let X be a 2-normed space over R, Y be a non-Archimedean 2-Banach space over non-
Archimedean field K, r,s R\ {0}, and R,S € K\ {0}. In this paper, a short preface on non-
Archimedean 2-Banach spaces (Y, ||-,],) is given. Then, we reformulate the Brzdek fixed point
theorem in non-Archimedean 2-Banach spaces. Using the Brzdek fixed point method, we prove
hyperstability results of the general linear functional equation h(rx + sy) = Rh(x) + Sh(y),
x,y € X, in non-Archimedean 2-Banach spaces. In fact, under some natural assumptions on
control function y: X X X XY — [0,00) , we show that every map satisfying ||h(rx + sy) —
Rh(x) — Sh(¥),z|l. < v(x,y,2), x,y €X, z €Y, is hyperstable in the class of functions
h:X->Y.

Keywords: mnon-Archimedean 2-Banach spaces; general linear functional equation;
hyperstability; fixed point method

ABSTRAK

Biarkan X menjadi ruang nyata 2-norma di atas R, Y menjadi ruang bukan Archimedean 2-
norma di atas K, r,s R\ {0}, dan R,S € K\ {0}. Dalam penyelidikan ini, ringkasan mengenai
ruang bukan Archimedean 2-Banach (Y, ||-,]|,)diberikan. Kemudian, kami merumuskan semula
teorem titik tetap Brzdek di dalam ruang bukan-Archimedean 2- Banach. Menggunakan kaedah
titik tetap Brzdek, kami membuktikan ciri-ciri hiperstabil bagi persamaan fungsi linear
am h(rx + sy) = Rh(x) + Sh(y), x,y € X, di dalam ruang bukan Archimedean 2-Banach.
Malah, di bawah beberapa andaian pada fungsi kawalan y:X X X XY — [0,00) , kami
menunjukkan bahawa setiap pemetaan yang memenuhi kondisi ||h(rx + sy) — Rh(x) —
Sh(y),z|l. <y(x,vy,2), x,y € X, z €Y, adalah hiperstabil di dalam fungsi kelas h: X - Y.

Kata kunci: ruang bukan Archimedean 2-Banach; persamaan fungsi linear am; hiperstabil;
kaedabh titik tetap

1. Introduction

In this article, N indicates the set of positive integers and R is the set of real numbers. As well
as, it is denoted that Ny = N U {0}, X, = X \ {0}, R,:=[0,0), N, the set of integers
= my, and E;, E, are normed spaces.

For the first time, a normed space which does not follow Archimedean property was
introduced by Hensel (Hensel 1897) and called non-Archimedean or ultrametric spaces. The
concept of non-Archimedean spaces has some nice applications which are accessible in
(Katsaras & Beloyiannis 1999; Khrennikov 1997; Nyikos 1999). Let us recall some basic
definitions on non-Archimedean field and non-Archimedean 2-Banach spaces (Brzdek &
Cieplinski 2011; El-Fassi 2018; El-Fassi et al. 2020).
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Definition 1.1. The field K which is equipped with a function (valuation) |- [,: K - R, is
called non-Archimedean field if the following conditions hold for all , § € K.

e Ja|,=0ifandonlyifa =0,

e [aBl. = |al.lBl.
* |a+ Bl < max{|al, |B].}.

The pair (K, | - [,)is called a valued field. From Definitionl.1, we have that in any non-
Archimedean field, |1]|, = | — 1|, = 1 and |n|. < 1 for all n € N. The valuation | - |, is trivial
valuation if Va €K, |a], =1, @ # 0, and |0], = 0. In this article, we work with non-
Archimedean non-trivial field and write non-Archimedean field instead non-Archimedean non-
trivial field. The p-adic number field is a well-known example of non-Archimedean fields. In
this direction we refer to (Diagana & Ramaroson 2016).

Definition 1.2. Let E be a vector space with dimension more than 1 over non-Archimedean

fieldK. A function || -, ||.: E? = R, is a non-Archimedean 2-norm if it satisfies the following
conditions:

e ||x,y]||, = 0if and only if x and y are linearly dependent,

o lxyll = lly xll

* lax, yll. = lalllx, ¥l

e |x+yzll. < max{|lx, z|.. lly, z|l.},

for all x,y,z € E,a € K. The pair (E, || -,- ||+) is a non-Archimedean 2-normed space. For a
complete non-Archimedean 2-normed space, we call non-Archimedean 2-Banach space.

Example 1.3. (El-Fassi et al. 2020) Let K be a non-Archimedean field, 4 € K and x =
(x1,%2), ¥y = (71,y2) € E = K? with Ax = (Ax,Ax,) and x + y = (%1 + Y, X, + ;) then,

the non-Archimedean 2-norm on Eis defined by ||x, y||. = |X1V2 — %21+

Lemma 1.4. (El-Fassi et al. 2020) Let (E, || -, ||+) be non-Archimedean 2-normed space, if x €
E, and ||x,y|l« =0, thenx =0 forally € E.

The following definition states the concept of hyperstability. The family of all functions
mapping a non-empty set B into a non-empty set A is symbolized with AZ.

Definition 1.5. (El-Fassi 2018) Consider A as a non-empty set, (Z, d)a metric space, y: A" —

R,, B a non-empty subset of A" , and H;, H, mapping a nonempty D c Z4 into ZA". The
conditional equation

}[l(p(xl""'xn) :}[2(p(x1""rxn)' (xlr'"lxn) €B (1)
is y-hyperstable if every ¢, € D, satisfying
d(}[lgoo(xl'"'rxn)'}[Z(pO(xl""!xn)) < y(xl'“"xn)' (xlr"'rxn) €B (2)

is a solution to Eq. (1). Briefly, every approximately solution in the format of Eq. (2) is the
solution of Eq. (1).
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The notion results from Definition 1.5 reminds the Ulam stability problem for various
equations. Let us recall the Ulam's question.

Ulam's question. Let (Gq,°) be a group and (G,,®) be a metric group with a meter
p: Gy X Gy — [0,00). Given § > 0, does there exist € > 0 such that if a function h:G; - G,
satisfies the inequality p(h(x ¢ y),h(x) ® h(y)) <& for all x,y € G, then there exist a
homomorphism l: G; = G, with p(h(x), l(x)) < e forall x € G{?

The first answer to this question was given by D. H. Hyers (Hyers 1941) in Banach spaces
concerning the stability of additive functional equation. The most classical result which states
Ulam's stability is seen in following equation called Cauchy equation

f+y)=f)+f»), xy€E. 3)
The following theorem describes Ulam's stability in better manner.

Theorem 1.6. (El-Fassi 2018) Let E;, E, be normed spaces, and f:E; = E, fulfils the next
inequality for all x,y € E,

IfCx+y) = f) = FWI < 6(IxIP + llylIP) 4

where 0 and p are real constants with @ > 0 and p # 1. Then, the following statements are

valid.

(1) If E, is a complete normed space and p = 0, a unique solution H: E; — E, of Eq. (3) exists
such that

If(x) = HEOIl < Il%;"ll IxIIP, x € E; \ {0} ©)

(2) The f is additive if p < 0, means that Eq. (3) hold.

Now, the Theorem 1.6 is stating the first result of stability considered by Hyers (Hyers 1941)
if p = 0 and Aoki (Aoki 1950) for 0 < p < 1. Gajda (Gajda 1991) beside obtaining result for
p > 1, illustrated an example showing that this theorem fails when p = 1 to answer a question
of Rassias regarding values of p. Furthermore, Rassias (Rassias 1991) observed that a similar
result is valid also for p < 0 (Rassias & Semrl 1992; Bourgin 1951). Now, it is clear that
statement (2) is valid, and it states that f must be additive. This case proved for the first time
(Lee 2008) and next in (Brzdek 2013a) on restricted domain. The stability of some functional
equations have been obtained by many authors (see, e.g. Cieplinski 2011; Brzdek 2013c; El-
Fassi & Kabbaj 2015a; Gordji & Savadkouhi 2010; Khodaei et al. 2012; Mirmostafaee 2010;
Moslehian & Rassias 2007; Moslehian & Sadeghi 2008) in various spaces.

For the first time, the concept of hyperstability was used probably in (Maksa & Pales 2001);
but, the first hyperstability result was published in (Bourgin 1949) concerning ring
homomorphism. Hyperstability results for various functional equations can be found in survey
paper (Brzdek & Cieplinski 2013) and related articles (Bahyrycz & Piszczek 2014; Brzdek
2013a;2013b;2014; 2015; El-Fassi & Kabbaj 2015b ; El-Fassi et al. 2016; El-Fassi 2017; El-
Fassi 2018; El-Fassi et al. 2020; Gselmann 2009; Almahalebi & Chahbi 2017) in both Banach
and non-Archimedean Banach spaces.
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Definition 1.7. (Piszczek 2015) Let E;, E, be normed spaces over numbered fields [F and K
respectively. A function h: E; — E, is (1, s)-linear provided it satisfies the functional equation

h(rx + sy) = Rh(x) + Sh(y), x,y€EE (6)

for r,s F\ {0},and R,S € K\ {0}.
Puttingr = s = R = § = 1, we get Cauchy functional equation while the Jensen functional

equation results when r=s =R =S5 = %in Eq. (6). In 2015, the hyperstability of general

linear functional Eq. (6) studied by M. Piszczek (Piszczek 2015) in Banach spaces. 1. El-Fassi
(El-Fassi et al. 2018) obtained some hyperstability result for Eq. (6) in f-Banach spaces. In
2024, S. Shuja studied some results on hyperstability of the general linear functional equation
was studied in non-Archimedean Banach spaces (Shuja et al. 2024).

In this paper, we use an extended version of fixed point method which is resulted from
Brzdek and Cieplinski (2011)’s Theorem 1 for proving hyperstability of Eq. (6) in non-
Archimedean 2-Banach spaces. This method contains some hypotheses and a theorem. Before
start the theorem, we mention the following hypotheses to state the theorem easily.

(H1) X is a nonempty set, Y is a non-Archimedean 2-Banach space over a non-Archimedean
valued field K, hq,-, hp: X = Xand Gq,+-,Gi: X X Y — R, are given maps.

(H2) 7:Y* - Y¥is an operator satisfying
ITEG) = T, 2l < maxysier {Gi (6 2) [|§(h () = p(Ri()), 2]},
forall§,u € YX, (x,z) EX XY.

(H3) A:R¥Y > RE¥*Y is a non-decreasing operator defined by
A8(x,2): = max, ¢, {Gi(x,2)6(h;(x))}, 6 €RFY, xeX,zey.
Now, it is easy to offer the following fixed point theorem.

Theorem 1.8. Suppose that hypothesis (H1) - (H3) are valid and the functions e: X XY - R,
and @: X — Y satisfy the next conditions

1Tex) — o), z||. < e(x,z), (x,z) EX XY,

limA™e(x,z) =0, (x,z) EXXY,

n—-oo

then, a unique P € YX exists with

Y(x):= limT"p(x), x€X,
n—oo

which is the fixed point of T such that,

le(x) —Y(x), z||. < supA™e(x,z), (x,z) EXXY.

neN,
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Proof. The proof can be directly driven from Brzdek and Cieplinski (2011)’s Theorem 1. In
fact, Brzdek proved this theorem in non-Archimedean complete metric spaces, so in the light
of Brzdek work, we can easily replace non-Archimedean metricdof Brzdek theorem with non-
Archimedean 2-norm || -,- ||.. in our work. [J

2. Hyperstability Results

In this section, we prove hyperstability results of the general functional equation in Eq. (6) in
non-Archimedean 2-Banach spaces.

Theorem 2.1. Let X be a real 2-normed space over R with dimension more than 1, andY be
a non-Archimedean 2-Banach space over K, r,s R\ {0}, and R,S € K\ {0}, >0, p,q €
R p+q <0andh:X - Y satisfies

Ih(rx + sy) — Rh(x) — Sh(y), z|l. < L%, z||” |ly,z||9, (x,y,2) € X§ XY (7

then, h is (r, s)-linear.

Proof. Whenp + g < 0, so one of p or g must be negative. Suppose g < 0. Take my € N
such that

1
A, .= Mmaxi|—
m {|R

s
|r + sm|Pt4, |—| mp“’} <1, formeN,, 0.
* Rl 0

Fix m = m and replace y by mx in Eq. (7), then

II %h(rx + smx) — %h(mx) —h(x),z||. < ﬁ ma ||x, z||P*9, (x,z) € X, X Y. ®)

We define operator T,: YXo — Y%o by
T (0: = R €((r + sm)x) =2 E(mx), £ €Y, x € X,
and write

em(x,2):= o m %, 2|P*9, (x,2) € Xo X ¥ ©)

then, the Eq. (8) changes to
ITnh(x) — h(x), ||« < €m(x,2), (x,2) € Xo X Y.

Let also define A,;,: ]Rfoxy - ]R’xfoxy by

1 S
Ap6(x,2): = max{ E‘* 8((r + sm)x, z), ‘E

6(mx,z)}, 0 € ]Rf",x € X,
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clearly, A,, has the form what was before described in (H3) with k = 2, h,(x) = (r + sm)x,
1 s
hy(x) = mx, Gy(x,z) = |E| and G, (x,z) = |E

EueEYX (x,2) €EXy XY,

for x € Xy, z € Y. Furthermore, for every

*

1778 () — Tpue(x), 2| = ||%f((7’ +sm)x) — %§(mx) - %y((r +sm)x) +
u(ma), z|| < max{|g] ¢ = (G +sm)x),z||,, [2] 1 - w0mo,zll.}
= maxyicz {Gi(%,2) || (€ = ) (i), 7]}

Therefore, (H2) is also valid. Let us show that for each (x,z) € X, X Y,

’
*

l
A e, 2) = Tmm |1, 2P el (10)

where a,,: = max{|%| |r + sm|P*q, El mp+q}. For n = 0 the result is trivial and Eq. (10)

satisfies Eq. (9). Next, we assume that Eq. (10) holds for n = k, for k € N. Then, we have

AkFle (x,2) = Ay, (Afnsm(x, z)) = max{|%|* Ak e ((r + sm) x,2),
|%|* Ak e (mx, z)}

! ! s
= max{—mq llx, z||P*9 ak, |i| | + sm|Pt4, — m4 ||x, z||P*9 a, |—| m”+q}
|R|* Rl |R|* Rl
!

=— m4||x, z||P*9 ak, max{|1| |r + sm|P*q, |£| mp+q}
[R|« Rl R,

l
= oMUl 2Pl (o2) € Xox Y

It means that Eq. (10) holds for n = k + 1, so Eq. (10) holds for all n € N. It can be
obtained from Eq. (10) that for all x € X,

limA"e, (x,z) =0
n—oo
Therefore, by Theorem 1.8, a unique solution F,;: X, = Yof the equation
1 s
En(x) = EFm((r + sm)x) - EFm(mx), x € X,
exists such that
Ih() = Fu(@), Il < sup {memillxzlP*ag ), (rz) € Xo X Y.
neNg R].
Moreover, for allx € X,
E,(x):= lim T;th(x).
n—oo

Now we show that for every (x,y,z) € X3 X Y and n € Ny,
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ITmh(rx + sy) = RTph(x) = STh(y), 2|l < Lag, ||x, z||P ||y, z]|9. (11)

Therefore, if n = 0, then Eq. (11) is simply Eq. (7). Take k € N, and suppose that Eq. (11)
holds forn = k. Thenforn =k + 1,

TG + 5y) = RTEF () = STETRG), 211, = || Tkh((r + sm)(rx + 7)) -

s 1 s 1

Ekah(m(rx +sy)) - RETrﬁh((r + sm)x) + RET,,’fh(mx) - SET,ﬁh((r +sm)y) +

s
SEkah(my),z”*
< max {|%| |Tkn((r + sm)(rx + sy)) — RTGER((r + sm)x) — DTKR((r +

sm)y),z %| |7k h(m(rx + sy)) — RTh(mx) — ST,,’fh(my),z”*}
1 *
< max{|§

= Loy |lxz|IP Iy, zll%,  (x,y,2) € X§ XY,

)
*

La llx 2P 1y, 207 I +smiP*a |2 Lak llx,zIP lly, 2)1 mP*a}
* *

so, by induction it is clear that Eq. (11) holds for every n € N,,. Letting n tends to oo in Eq.
(11), then

FE,(rx + sy) = RE,(x) + SE,,(x), x € X,.

From Theorem 1.8, there exist a sequence {F; }msm, of linear functions on X, such that

1h(X) = Fn (), 2. < sup fo— m9 |lx, zIP*7 )}, (x,2) € Xo x ¥
neNg IR].

which implies that

lh(x) = Fr(x), zll. < ﬁmq lIx, z||P*9,  (x,z) € Xo XY

and let m tends to oo in last inequality, it results that h is (7, s)-linear. []

In the next theorem, we consider the previous theorem when condition p + g > 0.
Theorem 2.2. Let X be a real 2-normed space over R with dimension more than 1, and Y be
a non-Archimedean 2-Banach space over non-Archimedean field K, r,s R\ {0}, and R,S €
K\ {0},1=0,p,q €ER, p+q>0andh:X - Ysatisfies Eq. (7), then h is (r,s)-linear.

Proof. Take m; € N, such that,

1
QA = Max; =
m {|R

T
Y ——
m

T

ptq s
| sm

'R

p+q
}<1, formENmo

* *

Since p + g > 0, one of p, ¢ must be positive. Let g > 0 and replace y by —#x in Eq.
(7), then
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[ (= 5)%) =5 (=5mx) o2 <

for (x,z) € Xy X Y . Define T;,,: YXo — YXo by

r 14

sm

llx, z||P*4 (12)

Tuf(:= 26 ((r=2)x) -2 (-Lx), gevioxex,
and write

l

em(x,2):= R |om

r

a
I, z||P*9, (x,z) € Xy XY (13)

then, the Eq. (12) takes the form
”Tmh(x) - h(x)rZ”* < gm(x' Z)l (xl Z) € XO xXY.

We also define A,,: R} - RY* by

Ao ((r-5)we)

and see that A,, has the form described in (H3) with k = 2, h;(x) = (r — %) x, hy(x) =
1 s

—#x, Gi(x,z) = |E|*and Gy(x,z) = =
Furthermore, for every &, u € Y*o_ (x,2z) € Xy X Y,

1) =) = [ (=)x) -3¢ () (0 =5)2)

Ap6(x,z): = max{

*6(—Lx,z)}, 0 E ]Rf",x € X,

sm

*

T S T
_”(——X) { ((r——)x),z *,E* (—EX),Z”*}
= maXlsisZ{Gl(xr 2 - u)(hl(x)).ZII*}
so, (H2) is valid.
Using mathematical induction, we show that
A% e (x,2) = W Ly llx, z||P* alt, (x,2) € Xg XY (14)
S r|Ptq s r |Pta .
where a,,, = max{ 2w Azl s } Forn = 0, Eq. (14) satisfies Eq. (13). Next,

we suppose that Eq. (14) holds for n = k, k € N. Then, we have

AkFle (x,2) = Ay, (A;‘nem(x z))

1 s r
—max{z* m€m<(r‘;)x Z) , fimém (‘;“)}
l r|Pta l kIS r |Pta
= max —m1 ||x, z||PT9 a |— —
o =] , mmm lxzlPr el 2] |5
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1 | r|4 1 r|P*t4 sy | r P14
— I p+q Lk - - — = |—
IR|« Ism 1, 2l ammaX“R " r m ’|R « Ism }
l r |4
=L 2] ettt a) exoxy.

We observe that Eq. (14) holds for n = k + 1. So, Eq. (14) holds for all n € N. Clearly, from
Eq. (14), we obtain that for all x € X,

lim A"e,, (x,z) = 0.
n—-oo

So, Theorem 1.8 states that there exist a unique solution F,;: X, — Yof the equation

r

E,(x) = %Fm ((r _Z) x) —%Fm (—#x), x € Xy,

such that

l

Ih(x) = En(x), 2|l < sup {—
neN,

r 14
|R| ”x’Z”p+q a‘rr;-l}r (x’ Z) e XO X Y

sm

Moreover, for all x € X,

Fn (%) = lim T2 h(x).

Now we show that for every (x,y,z) € X3 X Y andn € N,
1T h(rx + sy) = RTph(x) = ST h(y), zll« < lagy, |lx, z||P |y, zI|9. 15)

Put n = 0, then Eq. (15) is simply Eq. (7). Take k € Nyand suppose that Eq. (15) holds
forn =k. Weseeforn =k +1,

|17+ R + sy) = RTEFR() = STEF (), 2|, = ||2 Tk ((r - D) rx+ sy)) -
Sqikh (—# (rx + sy)) ~RiTkR ((r - x) +RETER (- Zx) - s17kn ((r -
2)y)+Samin(~5y).

< max{|%|* |7 ((r ~D)erx+ sy)) — RTkR ((r ) x) — STkR ((r -

%) y),z K |§| ||fr,,’§h (—#(rx + Sy)) — RTkh (—#x) — STk (—#y),z

1 +q
< max |—
R

)

r P

sm

k P q r|P*os k P q
Lam ||x, z||P ||y, zl| |r _Zl ’ |E| Lag ||lx, z||P |y, zl|
* *
- PHa |s p+q}

7" — — —_—
thus, we obtained that Eq. (15) holds for every n € Nj. Letting n — oo in Eq. (15), we see that,

r

sm

1
R m "R
=lait xz|P ly 29, (x,y,2) € X§ XY

= L I z|P [, 2117 max{]

* *

FE,(rx + sy) = RE,(x) + SE,,(x), x € X,.

43



Shujauddin Shuja, Ahmad Fadillah Embong & Nor Muhainiah Mohd Ali

Applying Theorem 1.8, a sequence {F, };m=m, of linear functions on X, exists such that

T

sm

q
llx, 2P+ e}, (x,2) € X x ¥

l
1) = Fn (), 2ll. < sup {
neNg *

r 14

sm

1A(x) = Ep (), 2|, < —

* = IR|. ||er||p+qi (xr Z) € XO XY

and when m — oo, it follows that h is (7, s)-linear.

In the next theorem, we prove hyperstability of the general linear functional equation on
whole X, when p,q > 0.
Theorem 2.3. Let X be a real 2-normed space over R with dimension more than 1, andY be
a non-Archimedean 2 -Banach space over non-Archimedean field K, r,s F\ {0}, R,S € K\
{0}, 1=0,p,q ER, p,q>0andh:X - Y satisfies

Ih(rx + sy) — Rh(x) = Sh(y), z|l. < Lllx, 2P |ly, 2|9, (x,,2) € X* XY (16)
if |r|P*® =+ |R|, or|s|™*S # |S|,, then his (r,s)-linear.
Proof. When p and g are positive, we can set 0 in Eq. (16), and get some auxiliary equalities.
We prove in the case |r|PT? # |R|,. The same proof can be also applied when |s|P*? = |S|,.
Assume that |r|PT9 < |R|,. Setting x = y = 0 in Eq. (16), we get

(1-R-5h(0)=0 . 17)

Puty = 0 in Eq. (16) we have

h(rx) = Rh(x) + Sh(0), x€X
and can be written as

h(x) = Rh (f) + Sh(0), xE€X.

Using Eq. (16) and Eq. (17), we obtain

||Rh (”‘*”) — RRh (f) — SRh (%)z” <UxzIP 1y zIl9, (xy,2) € X2 XY

r

replacing x by rx and y by ry in the last inequality, then

|rW+q
IR«

lh(rx + sy) = Rh(x) = Sh(y), z||. <1 lx, 2l Iy, zll9, (x,y,2) €X? XY,

Now by induction, we show that

|TW+q

n
) Mzl dly, Il (18)

llh(rx + sy) = Rh(x) — Sh(y), zIl, < 1 (
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for all (x,y,z) € X? x Y. Clearly, Eq. (18) satisfies Eq. (16) for n = 0. Assume that Eq. (18)
holds forn = k, k € N, then

|r|P*a k
<U(55m) IxzllP Iy z2ll?, (xy.2) € X2 xY

|7 (55=) - RRA (5) = srn (7). 2

T

Apply replacements x by rx and y by ry in the last inequality, we get that

|T|p+q k+

1
o) lezlP .zl (ny.2) e X2 xy.

Ih(rx + sy) = Rh(x) = Sh(y), z]l. < 1

So, Eq. (18) holds for all n € N and withn — oo,
h(rx +sy) = Rh(x) + Sh(y), x,y €X.

In the case [R|, < [r[P*?, we use the equation h(x) = +h(rx) —=h(0) with Eq. (16) and
Eq. (17)

||%h(r(rx +5y)) = Rz h(rx) — S%h(Ry),Z”* <%zl 11,219 (xy,7) € X2 XY.

Replacing x by gr—c and y by Y in the last inequality, we obtain

r
Rl
Ih(rx + 5y) = Rh(x) = Sh(), 2l <10z %zl Iy, zle, (x,7,2) € X2 x ¥

and using induction and same to the first case, we can get

IR]
[r|p+a

n
Ih(rx + sy) = Rh(x) = Sh(), zll, < L(-22) Il zIIP ly, 2119, (x,3,2) € X2 x Y

with n — oo, results that h is (7, s)-linear.
Some applications of results are stated in the following corollaries.
Corollary 2.4. Let X be a real 2-normed space over R with dimension more than 1, and Y be

a non-Archimedean 2-Banach space over non-Archimedean field K, | =0, p,q € R, the
generalized Jensen functional equation

f(x:;y)=%f(x)+%f(y), x,yEX,a €N, a>2,

is hyperstable in the class of functions f:X =Y with control function @(x,y,z) =
Ux, z|IP ||y, zI|? if the following conditions hold:

e p+qg<0 0¢X,

e p+qg>0 0€X%,
e pg>0 0€X
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Proof. With a simple comparison, it is clear that the generalized Jensen functional equation
. . . . . 1

satisfies the general linear functional equation in Eq. (6) withr =s = R = § = —, so when
a

p+q<0andO0 ¢ X, then by Theorem 2.1, the generalized Jensen functional equation is
hyperstable in class of functions f: X — Y. In similar manner, Theorem 2.2 states hyperstability
result for p + g > 0 and Theorem 2.3, for p, ¢ > 0. In this way, the proof becomes complete.

Corollary 2.5. Let X be a real 2-normed space over R with dimension more than 1 and Y be a
non-Archimedean 2-Banach space over non-Archimedean field K, r,s F\ {0}, R,S € K\
{0}, 1>0,pg€R H:X?>>Y, Hv,w) # 0 for somev,w € X and

I1HGx ).zl < LlixzlIP |y, zll9, (x,p,2) € X2 XY
with existence following conditions

e p+qg<0 0¢X,
e p+q>0 0€X,
e p,g>0 0€X |r|"" #|R|.or |s|"*S #|5].,

the functional equation
h(rx +sy) = Rh(x) + Sh(y) + H(x,y), x,y € X, (19)
has no solution in the class of functions h: X =Y.

Proof. Suppose that h: X — Y be a solution to Eq. (19). Then Eq. (7) holds. From Theorem 2.1,
Theorem 2.2 and Theorem 2.3, it comes that h is (r,s)-linear, so H(v,w) = 0 which
contradicts the assumption. [

3. Conclusion

Regarding Hyers-Ulam stability, an equation is stable when it has an approximately solution
near to the main solution of the equation, and the difference of approximately and the exact
solutions is controlling by a function called control function. With some assumptions on control
function, somewhere the approximately solution changes to the exact solution. In this case the
notion is called hyperstability, and the equation is called hyperstable. In this research the
hyperstability of general linear functional equation is considered in non-Archimedean 2-Banach
spaces using fixed pint method. In fact, under assumption existing in proved theorems, the
existing and uniqueness of a linear map from a 2-normed space to non-Archimedean 2-Banach
space is proved.
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