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ON A SUBCLASS OF MEROMORPHIC FUNCTION DEFINED BY NEW
DIFFERENTIAL OPERATOR INVOLVING THE MITTAG - LEFFLER
FUNCTION

(Subkelas Fungsi Meromorfi Tertakrif oleh Pengoperasi Pembeza Baharu Melibatkan Fungsi
Mittag-Leffler)
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ABSTRACT

In this work, we define a new differential operator with the multiplier transformation containing
the Mittag - Leffler function. The multiplier transformation generates a new subclass of mero-
morphic function. Properties like coefficient estimates, growth and distortion, radii of starlike-
ness and convexity, and convex linear combination are given. Finally, the extreme points are
also discussed.
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ABSTRAK

Dalam kajian ini, pengoperasi pembeza baharu tertakrif oleh jelmaan berganda mengandungi
fungsi Mittag-Leffler. Jelmaan berganda ini membina subkelas fungsi meromorfi baharu. Sifat
seperti pekali ketaksamaan, pertumbuhan dan erotan, jejari kebakbintangan dan kecembungan,
dan kombinasi linear cembung diberi. Akhir sekali, titik ekstrim juga dibincangkan.

Kata kunci: fungsi meromorfi; pengoperasi pembeza; jelmaan berganda; hasil darab Hadamard;
fungsi Mittag-Leffler

1. Introduction

Let ) be the class of functions written as
1~
fO=¢+ > a;dl, a5 €, (1)
j=1

analytic in the punctured open unit disc 2" = {( : ( € C,: 0 < |¢| < 1} = ©/{0}. Let us
denote >~ "(o) and 3, (o), the subclasses of p that are respectively, meromorphically starlike
and convex functions of order p. A function f of the form (1) is said to be in the class >_"(p)
if it satisfies

Q) *
Re< f(o>>g,(C€Q), 0<o<1

and f € ), (p) if it satisfies

Re < (1 + CJ{&?)) >0, (C€Q), 0<p<1. )
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Let g € X be given by

1 .,
():E+ijcﬂ, b; €C. 3)
j=1

The Hadamard product of the functions f and g is defined by (f * g) , as given below (Attiya
2016) :

(f*9)(C) = 2 £ agbic. @
j=1

A number of subclasses of meromorphic functions have been defined and discussed in the past.
In particular, the subclasses MK‘im()\, a),0 <a < land0 < A < 1by (Cho et al. 2004),
and W(a,¢),0 < a < 1land 0 < ¢ < 1 by (Cho & Kim 2003). Given two functions f(()
and g(¢) analytic in (2, the function f(() is subordinate to g((), written f < g or f(¢) < g(¢)
(¢ € Q) if there exists a Schwarz function W (() in 2, such that f(¢) = g(W(()), (¢ € Q)
with W(0) =0and [W(()| < 1,(C € Q).

For r € Nand f € ) of the form Eq. (1), Cho and Srivastava (2004) and Cho and Kim
(2003) studied the well-known multiplier transformation operator I1(r, o), by the following
series:

Ii(r,o +Z<‘Hz> a;¢?,  (o>0), 5)

so that, obviously, [1(re, o) (I1(r1,0)f(()) = L1 (r1 + 1r2,0) f({), r1,72 € N.

To begin with, we first state the well-known Mittag-Leffler function E,(¢) introduced
by Mittag-Leffler himself (Mittag-Leffler 1902, 1903), and Wiman’s generalisation E, ()
(Wiman 1905) given respectively as follows:

= Z ngjl (6)
—Tlaj+1)
and
= - 7
2 a7 "

where o, p € C, Re(a) > 0 and Re(p) > 0.

Further details regarding the Mittag—Leffler functions can be found in (Attiya 2016; Srivas-
tava & Tomovski 2009; Gupta & Debnath 2007). Most of the work related to Mittag—Leffler
functions are concentrating on the convexity, close-to-convexity and starlikeness. Bansal and
Prajapat (Bansal & Prajapat 2016) studied on the E, ,(¢) of Mittag—Leffler function, while
(Rédducanu 2017) studied the partial sums for E, ,,(¢). We note that the function given by (7)
is not within the class .. Thus, the function is normalised in the following manner:

Qap(¢) = ¢T'T(P) Eap(Q) = ¢ +Z ¢, (¢ ). )

+¢)
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Having the function €2, ,,(¢) from Eq. (8), I (7, o) from Eq. (5) and making use of the Hadamard
product for f € ¥, we define a new linear differential operator Sf;‘ [r,o,A, 0 < A<1lonXas
follows:

’

Sglr,a, Al f(Q) = (1 = o) (11(r,0) f(C) * Qap(C) + AC((L1(r,0) f(C) * Qa,p(C)) - (9)
If f € X, then from (Rdducanu 2017) we deduce that

S5l o ALF(G) = ¢ + o1+ G = DA (2 (o p)ard (10)
j=1
where
0ir0,9) = g ) an

T(a(j+1)+¢)

For a function f € 3, we define the following operator:

IO(SS[T, o, )‘]f(C)) = f(¢),
;2

IH(Sglr, o, N F(Q) = (1= N)(Sgr, 0, ALF(Q) + M (Sglr, 0, ALF(Q) + ¢

P(Sglr, o, ALF(¢) = (1= NI (Sglr, o, ALF(C) + AT (S3[r, 0, ALF(C))) + z

and in general:

PS5l o Q) = (1= NI (8200, F(0) + A (S5 o AL + 2,

)TQj_i_l(a,gp)ajCj, k=1,2,...

—%MH+U—DMW
j=1

Jj+o
1+o

I*((S8[r, 0, A f(Q)) =

By specialising the parameters of I* ((Sg[r, o, Alf(C)), we get various operators as follows.

i) For A = 1,0 = 1, = 0,r = 0 we get the operator studied by El-Ashwah and Aouf
(El-Ashwah & Aouf 2009).

il) Foro =1, = 0,r = 0, k = 0, we get the operator studied by (Cho & Srivastava 2003)
and (Cho & Kim 2003).

iii) For ¢ = 1, = 0,7 = 0, we get the operator studied by (Challab & Darus 2016).

iv) For k = 0,7 = 0, we obtain the operator presented by (Ameer et al. 2022).
Many authors have concentrated on subclasses of meromorphic function, for example, (Challab
et al. 2017, Elrifai et al. 2012; Lashin 2010; Liu & Srivastava 2004; Elhaddad & Darus 2019)

and others.
Using the operator [ k((Sg [r,o,Alf(C)), we say that a function f € 3 belongs to

MK%*(r,0,\, B, E, q). The class MK (r, 0, \, B, E, q) is defined as follows:

Definition 1.1. For -1 < E< B <1,7reN,0<A<1,0>0,0a,¢,q € C, Re(a) > 0,
Re(¢) > 0 and Re(q) > 0, the function f € X is in the class MK%’“(T, o,\,B,E,q) if it
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satisfies
I%((S%r, o, A ’
| L (NI 1 Be -
g\ IF((Sglr, o, ALF(Q)) 1+ E¢
or, equivalently, to:
CUF(SglroNF ()
T ((Se o Q) 11
PR GRS S I (13
rssrenso) (B Blat
Let 3* denote the subclass of 3 consisting of function of the form:
J— :
FQ =7+ 2 layl¢” (14)
j=1

Now, we define the class MKg’k’*(r, o,\, B, E, q) by
MK2**(r,0,\, B, E,q) = MK%*(r,o,\, B, E,q) %"

2. Main Result

This first part provides sufficient conditions under which Eq. (14) is indeed in the class
MKg’k’*(r, o, A\, B, E,q). We also study the linear combinations, bounds for growth and dis-
tortion, closure theorems and extreme points.

Following the same method used by many authors, including by Elhaddad and Darus (Elhad-
dad & Darus 2019), and Liu and Strivastava (Liu & Srivastava 2004), we obtain the following
result.

Theorem 2.1. Let the function f(() be of the form Eq. (14). Then f € MKg’k’*(r, o,\,B,E,q)
if and only if

oo

SIG+ 0= B) (B - BN+ G- DN (152) Gt lasl < Wl(B-B). (15)

j=1

Proof. Suppose that f({) € MKg’k’*(r, o, A\, B, E, q) with f(¢) of the form Eq. (14), then
from Eq. (13) we have

CUM((Sglr, o, ALF(Q)) + (IF((Sg[r, o, ALF(6)))
EC(I*((Sglr, o, ALF(Q) + (B = E)g + EJ(I*((Sg[r, o, ALf(€)))

Y02 G A DI+ G = DAFEL) Q11 (@, 9)ay ¢ _
9(B—E)+ 372 [B(+1) +a(B = E)[L+ ( = DAF(£52)7Qja(a, ) lag ¢+

We know that | Re(¢)| < [(], thus

%G DI+ G — DAF(E) Q40 (@, ¢)ag ¢ ) <1 (16)

e (q(B = B) + X52B(G +1) + (B = E)[1+ (5 — DAR($12)7 Q41 (o, @) a7+
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Consider real values of ¢, and take ( = s(0 < s < 1). For s = 0, the denominator is
positive and so is positive for all s(0 < s < 1). Letting ( — 1—, Eq. (16) gives

Jjto

pILE; —lgd(B-E)[1+( - 1)/\]’“(1T7

Jj=1

Thus, we obtain Eq. (15) of Theorem 2.1.
Conversely, we observe that

)"Qj1(e, 9)las| < lgl(B — E).

CI*((S2[ro N f(Q)
T (Salro @)~ 11

oA -
Exr(strongy T (B-Ela+E

CUR((Sglr o ALF(Q))) + (IF((Sglr, o, NF ()
| ECAR((Sglr o, NF Q) + (B - E)Q+E](I ((Sg[r, o, ALF(C)))
2521+ DA+ (G = DA () Qe (e, 9)lay]
(B~ B)+ X2 [EG +1) + (B = B)[1+ (= DAF(12) Q41 (0, @) ay]

<1

Jjto
+o
+0

by making use of Eq. (15) and set |(| = 1. Thus, we have f € MKg”“’*(r, o,\,B,E,q) by
maximum modulus theorem. [

Corollary 2.2. If the function f of the form Eq. (14) is in the class MKg’k’*(r, o,\,B,E,q),
then

jajl < — B L) g
[(G+ 1)1 = E) —lal(B = E)[L+ (j = DAF({2) (e, )
The result is sharp for the function
FQ =2+ — a8 = ) 5 ¢, j>=1.(17)

¢ G+ =E) = lgl(B = B[+ (7 = DAF(H2) Y41, 9)
The bounds for growth and distortion are given respectively as follows:

Theorem 2.3. If a function f given by (14) is in the class MKg’k’*(r, o, \, B, E,q), then for
IC| =p < 1, we get:

| (B - B)
» T RO B) (B B)(EL) )’ = S
L (B B) ,
RO B) 4B - B(ED )
and
| (B B) ,
215 (B B(Ey g ~ =
| (B - B)

P> 2(1-E) - |q|(B - E)](Z2) Qa(a, )’
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for
21— FE)—|q|(B—FE) > 0.

Proof. Let f(() € MKg’k’*(r, o,\, B, E,q). Then from the Theorem 2.1, we can get:

2(1 - B) — |ql(B - B)(22) (0 0) Y32, 24 la]
<[+ D~ B) — gl (B~ E)[1 + ( — DAF(EL) Qa0 9) < |al(B — ).

Thus
o, q(B— E)
;“'S[?(l— E) —|q/(B — E)](332) Qa(a, ¢) (18)
Therefore,
LS N < L lq/(B — E)
‘f(o'<r<r+|<|;“<r<!+[z< BT B i
and
l4l(B - E)
191> K’Z““K! 20— B)— [dl(B - DI (ag)

Now, by differentiating both sides of Eq. (14) with respect to ¢, we have:

(B~ B)
7 |<|2+Z‘J‘—r<\2 20— B) —|4d(B - B)(Z2) (e )
and
s L N> L lgl(B - E)
PO 1 = 22102 (R~ G =5~ ol - I e

Next, we obtain the radii of meromorphic starlikeness and convexity of order o for functions in
the class MKg’k’*(r, o,\,B,E, q). O

Theorem 2.4. Let the function f given by Eq. (14) be in the class MK%’“*(r, o,\,B,E,q).
Thus, we have:
(1) A function f is meromorphically starlike of order g in the disc |(| < p1, that is

F©
Re( f(C)>>g, (I<] < p1,0< < 1),

where

. (19)

p1=infi>1

(1= 9l + 1)1 = EB) —[ql(B - B)[1 + (7 = DA (12)" Y1(e 9)
/(B - E)(j+0)

(1) A function f is meromorphically convex of order o in the disc |(| < po, that is
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(1= 9l + 1)1 = B) — [ql(B = B)][1 + (7 = DA*(112)" Y+1(a, )

and

¢f ()
f(©)
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>) >0, (|¢] <p2,0<0< 1),

P2 = infj>1 {

ilal(B — E)(j + o)

Proof. (i) From Eq. (14), we can get:

/

Then, we have

f(Q

F(Q
if

(o ¢]
4 l1—0
J=1

By Theorem 2.1, the inequality Eq. (21) holds if

ite
1—

(

then

(1-0)[(j +1)(1 = B) = |gl(B — E)][1 + (j — A*(

ol <{

O

9y ¢t <
0

¢ 0o /- :
o+l | G+ Dl
%ég) — 1420 2(1-0)— > 521 (= 1+ 20)]a|[CP !

0<o<1),

S gl <1

[(G + 1)1 = E) —ql(B - E)][1 + (j = DA

)" Qe )

lq/(B - E)

)" Qe ) \

Jlal(B — E)(j + o)

Thus from Eq. (19), we have |(| < p; .

(1) To prove the second assertion of Theorem 2.3, from Eq. (14) we find that:

¢ (©)
ot 2

2521307 + DlaglI¢P*

G

Thus, the result:

f(

=20 —0) - 22, = 1+ 20)[a [

<1

(0< o<,

}" (20)

21

(22)
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if

> Gl < 1. 3)

J=1

Hence, by Theorem 2.1, inequality Eq. (23) holds if:

o [GFDA=E) —al(B = BE)[L+ (j — DAF(TE) Y (0. p)
J(l_g)\é\+ < BB :

then

¢l < {(1 — )G+ 1)(1 — E) — |q|(B = B)][L+ (j ~ DAF(12) Q1 (e ) }

jlal(B = E)(j + o)
Thus we obtain |(| < p2, where po is noted by Eq. (20).

The closure theorems and extreme points of the class MKg’k’*(r, o,\, B, E, q) are determined
next. [

Theorem 2.5. The class MKg’k’*(r, o, \, B, E,q) is closed under convex linear combinations.

Proof. Assume that the functions
1 — :
C):E+Z|ag‘|C’ (=12
j=1
are in MKg’k’*(r, o, \, B, E,q). It is enough to show that the function h defined by

h(¢) = (1—a)fi(¢) +af2(¢) (0 <a <1),is in the class MKg’k’*(r, o,\, B, E,q) since

W) = 2 S M1 = a)lajal + alajalld (0 <a<1).

In view of Theorem 2.1, we have:

Jj=1

G+ 10 = B) = lal(B = B[+ G = DNy, 0)(1 = @)laza| + alazal)
= (1= a)[G+ D= B) = gl (B = B+ (G~ DNFC2) (o, 9lazal+
J+ow

al(j +1)(1 = E) = [al(B = B)][L + (j — AJ( )" Qj1(a; ¢)|ajal

1+o

< (1 —-a)lgl(B - E) +alg/(B - E) = |q|(B - E).

This shows that k() € MK2"*(r,0,\, B, E, q). O
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Theorem 2.6. Let fy(¢) = % and
1 lg|(B — E) j .
) = -+ 4 , >1).
i = BB 1B - BN ED Yy Y

Then | € MKg’k’*(r, o, A\, B, E, q) if and only if it can be written in the form

o0

FO = "vif(0) (24)

=1

where vj > 0 and 322 g v; = 1.

Proof. Let the function f(¢) be written in the form given by Eq. (24), then

IR |a/(B ~ E) J
HO=z+ ; 201 - B) — |al(B - B)(452) Qs (v, ‘P)C |

For this function, we have

2(1 — F) — B—F j+a’"Q‘ Q, v, ‘q’(B_E)‘
2(1 - E) — |ql( NG ) e 9) % 21 - E) — |q|(B — E)](3£2) Q)1 (a, )

= vjlgl(B - E) = |g|(B - E)(1 - ) = |q|(B— E) < |¢|(B - E).
j=1

The condition Eq. (15) is satisfied. Thus ,f € MKg’k’*(r, o, \, B, E,q) since

q|(B — E) .
| < 4 , >1).
9 BB B - B (e Y
We set
2(1— E) — |q/(B = E)|(£X2) Q11 (o,
vy = [2( ) IQ(’q‘(B _)];M) (e w)|aj|’ G 1),
and
Vo = 1-— Zvj.
j=1
So it follows that
FQO=1=Y"vfi(Q)
§=0

Theorem 2.6 is complete. [J
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3. Conclusions

In this particular work, we introduced a new meromorphic function subclass which is related to
both the Mittag-Leffler function and the multiplier transformation function. The sufficient and
necessary conditions concerning this subclass are given. Some properties like linear combina-
tions, radii, and others were explored. For future research, we may look into different classes
concerning symmetric points defined by the multiplier transformation and Mittag-Leffler func-
tions.
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